A review work is done for electronic and optical properties of graphene nanoribbons in magnetic, electric, composite, and modulated fields. Effects due to the lateral confinement, curvature, stacking, non-uniform subsystems and hybrid structures are taken into account. The special electronic properties, induced by complex competitions between external fields and geometric structures, include many one-dimensional parabolic subbands, standing waves, peculiar edge-localized states, width-and field-dependent energy gaps, magnetic-quantized quasi-Landau levels, curvature-induced oscillating Landau subbands, crossings and anti-crossings of quasi-Landau levels, coexistence and combination of energy spectra in layered structures, and various peak structures in the density of states. There exist diverse absorption spectra and different selection rules, covering edge-dependent selection rules, magneto-optical selection rule, splitting of the Landau absorption peaks, intragroup and intergroup Landau transitions, as well as coexistence of monolayer-like and bilayer-like Landau absorption spectra. Detailed comparisons are made between the theoretical calculations and experimental measurements. The predicted results, the parabolic subbands, edge-localized states, gap opening and modulation, and spatial distribution of Landau subbands, have been identified by various experimental measurements.
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I. INTRODUCTION
Carbon is one of the mainstream elements in the periodic table, and it can generate many substances very appropriate for researches in physics, chemistry, materials, biology and geology. In condensed-matter systems, each carbon atom has four half-filled orbitals and is capable of forming crystals with stable covalent bonds, including diamond, graphite, graphene, carbon nanotube (CNT), C 60 -related fullerene, and linear acetylenic carbon. Diamond is a bulk material with strong sp 3 bondings and often used in the industry due to high hardness [1] and thermal conductivity. [2] The sp 2 -hybridized carbon allotropes possess open/closed surfaces and structures with various dimensionalities. Graphite, which consists of stacked carbon sheets [3] and can be easily found in nature, is applied as an electrical conductor, [4] a moderator of nuclear reactor, [5] and a solid lubricant. [6] Owing to the advance in nanotechnology, the low-dimensional carbon materials have been fabricated and observed. Fullerene, a stable zero-dimensional carbon cluster with a closed structure, has been synthesized by Kroto et. al. in 1985 . [7, 8] A CNT, a quasi-one-dimensional (quasi-1D) hollow cylinder with a nanoscale radius is discovered by Iijima et. al. in 1991. [9] [10] [11] In 2004, Geim et al. have demonstrated that graphene, a one-atom thick twodimensional (2D) carbon sheet, can be isolated and transferred to another substrate. [12] Linear acetylenic carbon, found in 1995, is a 1D chain based on sp bondings with alternating triple and single bonds. [13, 14] A new scientific frontier has been explored since the discovery of graphene. This nanomaterial attracts researchers, in both fundamental science and applied technology, [15] [16] [17] for several reasons. Graphene is the first truly 2D material, [12, 18] which can serve as an ideal platform for realizing low-dimensional physics and applications. It is a gapless semiconductor with cone-like energy spectrum near the Fermi energy. The electronic structure of graphene gives rise to many incredible essential properties, such as high carrier mobility at room temperature (> 200000 cm 2 /Vs), [19] [20] [21] superior thermoconductivity (3000-5000 W/mK), [21, 22] extremely high modulus (∼1 TPa) and tensile strength (∼100 GPa), [23] high transparency to incident light over a broad range of wavelength (97.7 %), [24, 25] and anomalous quantum Hall effect. [26] [27] [28] [29] Based on its superior electronic, thermal, mechanical, and optical properties, graphene is considered to have high potential in future electronic and optical devices. However, the gapless feature gives a low on/off ratio in graphene-based field effect transistors (FETs) and hinders the development of graphene nanoelectronics. One of the most promising approaches to controlling electronic and optical properties is to make 1D strips of graphene, usually referred to as graphene nanoribbons (GNRs). To achieve large-scale production of GNRs, numerous fabrication strategies, including both top-down and bottom-up schemes, have been proposed. From the geometric point of view, cutting graphene seems to be the most simple and intuitive strategy to produce GNRs, and the available routes include lithographic patterning and etching of graphene, [30] [31] [32] [33] sonochemical breaking of graphene, [34] [35] [36] metal-catalyzed cutting of graphene, [37] [38] [39] [40] [41] [42] [43] and oxidation cutting of graphene. [44, 45] A much more imaginative strategy is unzipping of CNTs, since a nanotube can be viewed as a folded or zipped GNR. The available routes for the reverse process cover chemical attack, [46, 47] laser irradiation, [48] plasma etching, [49, 50] metal-catalyzed cutting, [51, 52] hydrogen treatment and annealing, [53] unzipping functionalized nanotubes by scanning tunneling microscope (STM) tips, [54] electrical unwrapping by transmission electron microscopy (TEM), [55] intercalation and exfoliation, [56, 57] electrochemical unzipping, [58] and sonochemical unzipping. [59, 60] Other strategies involve chemical vapor deposition (CVD) [61] [62] [63] and chemical synthesis. [64] [65] [66] [67] The former is much compatible with semiconductor industry, and the latter is piecewise linking of molecular precursor monomers. Although there are many routes for the synthesis of GNRs, the main obstacles and disadvantages precluding GNRs from real applications are to control the width and edge structure, substrate effect, edge termination, and defect. Electronic properties, especially the energy gap, are sensitive to the ribbon width and edge structure. They are also altered by charge transfer between substrate and GNRs. During some synthesis processes, the ribbon edges might be partly terminated with hydrogen, oxygen, and other functional groups; therefore, the edge-related properties will be changed.
Non-hexagonal defects (often pentagonal and heptagonal structures) on the ribbon plane cause drastic changes in electronic properties. Up to now, the researchers and engineers are continuously finding other routes of high yield to precisely control the nanoscale width and perfect edge structure and trying to overcome the technical problems for real applications.
The electronic and optical properties of GNRs are dominated by the ribbon width and edge structure. Armchair and zigzag GNRs (AGNRs and ZGNRs) are two typical systems chosen for model studies. The lateral quantum confinement is responsible for a lot of 1D parabolic subbands, where the electronic states are characterized by the regular standing waves. Especially, the energy gaps induced in AGNRs scale inversely with the ribbon width. [68, 69] Furthermore, ZGNRs present partial flat subbands near the Fermi energy with peculiar edge states localized at the ribbon boundaries. [70, 71] The former have been observed by the experimental measurements on the electric conductance [30, 34] and tunneling current, [32] and the latter are confirmed by the STM image. [72, 73] As for the optical properties, the edgedependent absorption selection rules are predicted to satisfy |∆J| = odd for ZGNRs and ∆J = 0 for AGNRs, where J is the subband index [74] [75] [76] [77] (Section II B 1). The essential properties will be enriched by the magnetic and electric fields, curvature, stacking configurations, nonuniform subsystems, and hybrid structures, as discussed later.
A uniform perpendicular magnetic field can flock the neighboring electronic states and thus induce highly degenerate Landau levels (LLs) with quantized cyclotron orbitals. [78] The magnetic quantization will be seriously suppressed by the lateral confinement. Their competition diversifies the magneto-electronic structures, covering partly dispersionless quasi-Landau levels (QLLs), 1D parabolic subbands, and partial flat subbands. [79] [80] [81] Such energy dispersions induce two kinds of peaks, symmetric and asymmetric ones, in the density of states (DOS). [82, 83] . The QLLs can be formed for sufficiently wide GNRs, and each Landau wave function possesses a localized symmetric/antisymmetric distribution with a specific number of zero points (a quantum number n). The magneto-optical spectra exhibit lots of symmetric and asymmetric absorption peaks. The former ones come from the inter-QLL transitions and obey the magnetooptical selection rule of |∆n| = 1. However, the latter ones originate from the transitions among parabolic subbands and abide by the edge-dependent selection rules.
A transverse electric field can generate an extra potential energy in GNRs. The charge carriers experience different site energies so that the electronic and optical properties are dramatically changed. There exist oscillatory energy subbands, more extra band-edge states, gap modulations with semiconductor-metal transitions, and irregular standing waves. [84] Meanwhile, the intensity, number, and frequency of asymmetric DOS peaks are obviously modified. The absorption peaks associ-ated with the edge-dependent selection rules are inhibited, and more extra peaks appear in the optical spectra (Section II C 3). The different potential energies in GNRs hinder the formation of Landau orbitals, and the QLLs would tilt, become oscillatory, or exhibit crossings and anti-crossings. Moreover, the inter-QLL optical transitions would be severely altered or even destroyed thoroughly.
Geometric configurations play an important role in modifying the fundamental properties. The curved GNRs or the unzipped CNTs [46] are the suitable systems for studying the magnetic quantization in curved surfaces. The electrons experience a non-uniform effective magnetic field instead of the applied perpendicular uniform one, and the effects of magnetic quantization will gradually reduce from the ribbon center to either edge. With the increase of curvature, the Landau subbands become oscillatory with more band-edge states, and the spatial distributions of Landau wave functions are distorted. A detailed comparison between the curved GNRs and CNTs show the influences of curvature and the interplay between different boundary conditions. The QLLs hardly survive in a cylindrical CNT with a periodic boundary condition except for a very large tube diameter and magnetic field, mainly owing to the vanishing of net magnetic flux. The magneto-absorption peaks are dominated by the angular-momentum-dependent selection rules. [85] [86] [87] [88] On the other hand, the QLL-dominated and the curvature-induced extra absorption peaks coexist in the curved GNRs.
The electronic and optical properties are very sensitive to the changes in the number of layers and stacking configurations. Few-layer and bilayer GNRs can be fabricated by cutting graphene [33, 34] and unzipping multiwall CNTs. [46] There are two typical stackings, namely, AB and AA stackings. The bilayer GNRs possess two groups of parabolic subbands (or two groups of QLLs), and each group contains conduction and valence subbands. The initial energies of subband groups and the wave functions are closely related to the stacking configurations. For the AA stacking with higher symmetry, the interlayer atomic interactions induce the strong overlap between the valence subbands of the first group and the conduction subbands of the second group. The metallic property keeps the same even in the presence of perpendicular and transverse electric fields. On the other hand, the AB stacking has only a weak overlap between the conduction and valence subbands of the first group, where the metal-semiconductor transition will happen by the electric fields. As to the optical properties, only the intragroup transitions are presented in the AA stacking, while in the AB stacking, the intergroup transitions are also available. This important difference originates from that the wave functions of the former are the symmetric or antisymmetric superpositions of the tight-binding functions on different layers.
In the non-uniform bilayer GNRs and GNR-CNT hybrids, the complex interlayer atomic interactions between
GNR-related systems: (a) monolayer GNRs, (b) curved GNRs, (c) bilayer GNRs, and (d) non-uniform GNRs and GNR-CNT hybrids.
the constituent subsystems enrich the essential properties. The former consisting of two GNRs with different widths are successfully fabricated by mechanical exfoliation from bulk graphite. [89] [90] [91] The relative positions of two subsystems can determine whether the QLLs will survive. The modulation of their widths will generate various kinds of magneto-electronic spectra, including monolayer-like, bilayer-like, and coexistent QLL spectra, as well as distorted energy dispersions. The featurerich electronic properties are directly reflected on the magneto-absorption spectra. Moreover, the couplings in GNR-CNT hybrids distort the QLL spectra with more band-edge states. [92] The QLL absorption peaks and the additional nearby subpeaks are suppressed and introduced, respectively. This review is focused on GNR-related systems: (1) monolayer GNRs, (2) curved GNRs, (3) bilayer GNRs, and (4) non-uniform GNRs and GNR-CNT hybrids, as illustrated in Fig. 1 . Many effects are taken into account, including edge structures, ribbon widths, magnetic quantization, electric potential energies, curvatures and boundary conditions, stacking configurations, and complex couplings between subsystems. A systematic understanding is given on the electronic properties and optical spectra. Detailed comparisons are made between theoretical predictions and experimental observations, showing that most results are in agreement with each other, and some others require further experimental verifications.
II. MONOLAYER SYSTEMS
A 2D graphene is considered to be a promising candidate for future nanoelectronics due to its unique electronic properties. [93, 94] Unfortunately, the graphene FETs cannot be turned off effectively under a gapless condition, in which an on/off current ratio typically around 5 in top-gated graphene FETs. [95] The gap-less limitation can be overcome through the successful fabrications of GNRs, including the graphene cutting, CNT unzipping, CVD, and linkage of molecular precursor monomers (Section I). Electrical transport experiments show that the lateral-confinement-induced gap renders the FET with a high on/off ratios of about 10 7 at room temperature. [34, 35] In monolayer GNRs, the energy gap can be controlled by the ribbon width, electric and magnetic fields. The predicted energy gap is inversely proportional to the ribbon width, [68, 69, 96] and this fact has been confirmed by the conductance [30, 34] and tunneling current measurements. [32] A metal-semiconductor transition will take place depending on the strength of transverse electric fields. As magnetic fields are exerted, gap shrinkage happens and the GNR eventually undergoes a semiconductor-metal transition during the formation of Landau subbands. The gap modulation opens the possibility for the design of side-gated GNR-fieldeffect devices, [97] [98] [99] [100] [101] [102] [103] where the side gate offering a better alternative to top-gating scheme will prevent dielectric breakdown [104] [105] [106] [107] [108] [109] and electrical hysteresis caused by top-gate dielectrics. [110] [111] [112] [113] [114] [115] [116] [117] [118] [119] [120] [121] The geometric configurations and external fields not only modulate the gap but also alter the energy spacings among subbands. These changes are reflected on the variations of DOS, and can be confirmed by means of measurements on tunneling current. [122] [123] [124] [125] [126] Wave functions, which present the spatial information of electronic states, are very significant for realizing fundamental physical properties, such as charge densities, [127] [128] [129] [130] state mixing, [131] and optical selection rules. [68, 81] At zero field, the electronic states confined by the transverse boundaries display regular standing waves throughout the whole nanoribbon. The spatial distributions and nodal structures are dependent on the wave vectors, state energies, sublattices, ribbon widths, and edge structures. Magnetic fields can quantize the neighboring electronic states with the formation of Landau orbitals and regular nodal structures. The Landau states are strongly localized, and they will be distorted and truncated as the wave functions encounter either boundary of the ribbon. On the other hand, electric fields can alter the spatial distributions, destroy the nodal structures, and cause the state mixings. These aforementioned features can be verified by the spectroscopicimaging STM, which is a potent tool for direct mapping of the wave functions and has been implemented to study the surface states in various systems. [132] [133] [134] [135] [136] [137] [138] [139] [140] The special relations between conduction and valence wave functions, which strongly depend on the geometric configurations and external fields, can enrich the absorption spectra. At zero field, the absorption peaks obey the edge-dependent selection rules, where the number, structure, energy, and intensity are determined by the edge structures and ribbon widths. The low-lying edgedependent absorption peaks are changed into the QLLdependent ones in the presence of magnetic fields, while the coexistence of two kinds of peaks at higher energy reflects the competition between the magnetic quantization and lateral confinement. On the other hand, a weak electric field induces the coupling of the electronic states in adjacent subbands and modifies the selection rules. In other words, the extra selection rules bring more absorption peaks. However, under a large electric field, many low-intensity peaks are revealed due to the breaking of selection rules. These feature-rich optical spectra and selection rules can be verified through infrared transmission experiments. [141] [142] [143] [144] The organization of this section is stated as follows. The first subsection describes the generalized tightbinding model, where the magnetic and electric fields are considered. In the next subsection, the discussions are focused on the electronic properties, including the energy dispersions, DOS, and wave functions, under the influence of external fields. The lateral confinement, magnetic quantization, electric-field-induced collapse of QLLs, and gap modulation are further discussed. The last subsection presents the feature-rich optical spectra with the edge-dependent, QLL-dependent, and electricfield-modified selection rules. Also included are the detailed comparisons between the theoretical results and experimental observations.
A. The tight-binding model
GNRs are quasi-1D strips made up of hexagonally structured carbon atoms. The ZGNRs and AGNRs with the zigzag and armchair edges are shown in Fig. 2(a) and (b), respectively. The primitive unit cells enclosed by the dashed rectangles have the periodic lengths: I x = √ 3b for ZGNRs and I x = 3b for AGNRs, where b = 1.42Å is the C-C bond length. The first Brillouin zone is within the region −π/I x < k x ≤ π/I x . The carbon atoms on the mth zigzag line or dimer line (armchair line) are denoted by A m 's or B m 's. 2N y carbon atoms are included in a unit cell, where N y is the number of zigzag or dimer lines. The ribbon widths of ZGNR and AGNR are characterized by W zig = b(3N y /2−1) and W arm = √ 3b(N y −1)/2, respectively. δ i 's (i = 1, 2, 3) are the nearest-neighbor vectors.
The low-energy electronic properties are dominated by the tight-binding functions of 2p z orbitals. Based on the 2N y tight-binding functions, the Hamiltonian is presented by
with the Bloch wave function
where |R When a uniform static magnetic field, B = Bẑ, is applied perpendicularly to the ribbon plane, each tightbinding wave function has an extra phase term owing to the vector potential A. [146] [147] [148] That is to say, each Hamiltonian matrix element is given by the product of the zero-field element and a phase factor exp(i2πθ mn ). The Peierls phase is a line integral of the vector potential A from the mth site to the nth site as defined by
where R m (R n ) is the position vector of the mth (nth) site, A = (−By, 0, 0) is chosen to preserve the translation invariance along the x-direction under the Landau gauge, and φ 0 = h/e is the magnetic flux quantum.
In the presence of an external electric field E, the field can be treated as perturbation (for |E| t/b) and the Hamiltonian becomes
where H 0 is the unperturbed Hamiltonian (eqn (1)), and
Here e is the charge of an electron, and V (r) is the electrostatic potential of the external electric field. For a uniform field, the potential at the position R m is
In other words, the electric field modifies the on-site energies of carbon atoms and thus alters the essential properties. The electronic properties are quite different between ZGNRs and AGNRs. The low-energy band structure of the N y = 300 ZGNR in the absence of external fields is ploted in Fig. 3(a) . All the energy subbands are 1D parabolic energy dispersions except for the two partial flat subbands lying on the Fermi level (E F = 0), where J c,v = 1, 2, 3,... are the subband indices accounting from E F = 0. The parabolic subbands embody the lateral confinement, and their band-edge states are at k x ∼ 2/3 (in unit of π over lattice constant). The energy spacings are almost uniform and will shrink as the ribbon width becomes larger. On the other hand, the states on the two partial flat subbands are strongly localized on the ribbon edges, and the charge density decays exponentially as a function of the distance from the edge. [70, 71, 79] For AGNRs, there are many 1D parabolic subbands, whose band-edge states are at k x = 0 as illustrated in Fig. 3(c) .
The spacing between band-edge states are non-uniform. More importantly, there is a direct energy gap, which is inversely proportional to the ribbon width and approaches to zero for a very large N y . [68, 69, 79, [149] [150] [151] [152] [153] [154] The size-dependent band gap originates from the lateral confinement and can also be found in semiconductor quantum structures. [155] [156] [157] Part of the theoretical results have been verified by experimental measurements. The angle-resolved photoemission spectroscopy (ARPES) can be utilized to investigate the actual distribution of electrons in the energymomentum space of low-dimensional systems. [158] [159] [160] [161] [162] [163] From the measurements on the unidirectionally aligned well-defined AGNRs, the 1D parabolic energy dispersions have been directly observed. [164] The edge-localized states, which are also predicted by other theoretical methods, [149, 151] have been identified by STM [72, 73, [165] [166] [167] [168] [169] and high-resolution ARPES. [170] It should be noted that these states are presented in ZGNRs, but absent in AGNRs. Some theoretical works [171] [172] [173] on the finite-size graphite systems, either as macro molecules or as 1D systems, have also displayed such edge-dependent localizations. In addition, recent STM measurements have revealed the edge-localized states in GNRs with chiral edges, [174, 175] and demonstrated that these states can survive on the boundary with partial zigzag edges. As to the lateral-confinement-induced energy gap, the inverse relation to the ribbon width is confirmed by the STM [32] and conductance experiments. [30, 34] Although in earlier studies, the edge roughness limits the accuracy of measurements and causes difficulties in obtaining a GNR with a specific gap. Recent synthesis techniques have shown that the roughness of the ribbon edges can be controlled within the atomic accuracy, [64, 65, 67, 176, 177] as an indication that the width-dependent energy gap could be well-controlled for applications.
The DOS, defined as
] (σ indicates the spin), directly reflects the main features of energy subbands. [178] Many states accumulate at the local maxima and minima of 1D energy subbands, and hence, a lot of peaks are presented in the DOS. Such special singular structures are called van Hove singularities (vHSs), [179] which play significant roles in optical transitions. For both types of GNRs, there are many asymmetric peaks as shown in Fig. 3(b) and (d). These peaks are divergent in the square-root form 1/ |ω − E c,v be |, where the band-edge state energy E c,v be correspond to the peak energy. The peak height, which is inversely proportional to the square-root of subband curvature, grows as the state energy increases. It is remarkable that the peak spacings are uniform in ZGNRs, while non-uniform in AGNRs. Besides the asymmetric peaks, the symmetric delta-function-like peak at the Fermi level, associated with the band-edge states of partial flat subbands, is the highest one in the DOS of ZGNRs. The symmetric peak near E F = 0 in ZGNRs has been confirmed by scanning tunneling spectroscopy (STS), [72, [167] [168] [169] whereas the edge-dependent features of the asymmetric peaks, including the number, frequency, and height, still need further investigations.
The electrons confined in the finite-size GNRs exhibit regular standing waves. Their oscillatory patterns, which can be characterized by the number of nodes (zero points), are closely related to the edge structures, sublattices, energies, and wavevectors. Especially, in ZGNRs, the wave functions can be decomposed into the subenvelope functions on the A and B sublattices at the odd and even zigzag lines (Fig. 3(e) -(g)); [81, 180] while in AGNRs, the subenvelope functions are on the A and B sublattices at the (3m)th, (3m + 1)th, and (3m + 2)th dimer lines (m is an integer; Fig. 3(h)-(j) ). [181, 182] The wave functions will oscillate with more nodes in the increase of |E c,v |; furthermore, there exist only a phaseshift difference for various wavevectors. Here, the wave functions at k x = 2/3 for ZGNRs and k x = 0 for AGNRs are presented, in which the band-edge states possess high DOS and optical response. It is significant that the relations in the wave functions are also edgedependent and will directly determine the available optical transitions. For ZGNRs, the spatial distributions of wave functions alternate between symmetric and antisymmetric patterns as the subband index increases or decreases by one. [75, 76] For example, the wave functions for the J v = 1 and J c = 1 & 2 subbands are symmetric, anti-symmetric, and symmetric, respectively ( Fig. 3(e)-(g) ). On the other hand, there are two kinds of relations for AGNRs. One is that for a specific subband, the subenvelope functions of A sublattices (|Ψ A ) and those of B sublattices (|Ψ B ) are in phase or 180 (Fig. 3(i) ). The other is that, for the conduction and valence subbands with the same subband index, their subenvelope functions of A (B) sublattices are in phase or out of phase by π, i.e. |Ψ The spectroscopic-imaging STM, [183] [184] [185] [186] [187] [188] which provides the information of wave functions through the local DOS, is a powerful tool to measure the standing waves on surfaces of various condensed-matter systems. The direct observations on the regular oscillations have been done at Au (111) and Cu(111) surface steps. [132] [133] [134] 183] The theoretical predictions [135] [136] [137] [138] on the standing waves in a metallic CNT with a finite length are verified by the experimental measurements on the spatial distributions. [189] [190] [191] Also, some related works have presented the spatial mapping of the electronic states in the troughs between self-organized Pt nanowires on Ge(001). [139, 140] The spectroscopic-imaging STM can be used to identify the feature-rich standing waves in GNRs, e.g. the edge-dominated special relations in the wave functions. The low-energy electronic structures are dramatically changed by the magnetic fields. There exist a lot of Landau subbands composed of parabolic subbands and dispersionless QLLs. For example, the n c = 1 Landau subband in ZGNR is a combination of two parabolic dispersions and one QLL (Fig. 4(a) ). The widths of QLLs gradually shrink as the state energy grows, and the QLL energies proportional to √ n c,v are independent of the edge structures. [79] [80] [81] It is notable that the band structures are edge-dependent. Especially, in ZGNRs, the formation center of QLLs is at k x = 2/3, and the partial flat subbands remain lying on the Fermi level. The conjunction of the n c,v = 0 QLLs and flat subbands indicates the coexistence of Landau and edge-localized states. The former mostly survive near the formation center, while the latter mainly reside at the zone boundaries. [131, 192] As to AGNRs (Fig. 4(c) ), all the QLLs are formed around k x = 0 and each QLL is doubly degenerate. At the ends of a QLL, the splitting of degeneracy takes place, i.e. one of the two subbands has monotonic k x -dependence and the other exhibits non-monotonic dependence with extra band-edge states. [80, 193] This degeneracy splitting has been identified through the magneto-transport measurements. [194, 195] In addition, the gradual merging of the n c,v = 0 QLLs causes the shrinkage of energy gap, and the GNR undergoes a semiconductor-metal transition. [82, 196] Landau subbands induce many special structures in the DOS. The primary structures are the symmetric peaks corresponding to the QLLs and partial flat subbands; the secondary structures are the asymmetric peaks originating from the extra band-edge states of Landau subbands (Fig. 4(b) and (d) ). The features of the symmetric Landau peaks is independent of the edge structure. The √ n c,v -dependence in the positions of QLLs remains the same. The peak height is proportional to the QLL width and gradually reduces as the state energy grows. Moreover, the edge-dependent energy dis- persions are reflected on the DOS. In ZGNRs (Fig. 4(b) ), the highest symmetric peak at E F = 0 is associated with the partial flat subbands; while in AGNRs, the adjacent asymmetric subpeaks (inset in Fig. 4(b) ) correspond to the extra band-edge states. Magnetic wave functions in the GNRs present peculiar spatial distributions, where the localization center, waveform, and node number are very sensitive to the state energy and wavevector. The Landau wave functions at the formation center of the N y = 300 ZGNR are well behaved and localized at the ribbon center, as illustrated in Fig. 5(a) -(e). For the n c,v = n QLL at k x > 0 (k x < 0), the wave functions of the A and B sublattices can be, respectively, described by φ n−1 and φ n (φ n and φ n−1 ), where φ n is the wave function of harmonic oscillator, a product of the nth-order Hermite polynomial and a Gaussian distribution function. Such functions are either symmetric or anti-symmetric, and the node number of the B sublattice is larger than (k x > 0) or smaller than (k x < 0) that of the A sublattice by one. For instance, there are, respectively, one and two nodes on the A and B sublattices for the n c = 2 QLL ( Fig. 5(a) ). Further, the node number on the A (B) sublattice grows with the increase of state energy, that is, the node numbers on the B sublattice of the QLLs for n c = 1, 2, and 3 are 1, 2, and 3, respectively. On the other hand, the spatial distributions of the magnetic wave functions are strongly dependent on the wavevector and reflect the competition between the lateral confinement and magnetic quantization. When the wavevector shifts from k 3 = 2/3 to k 2 or k 4 ( Fig. 4(a) ), the n c = 1 QLL remains highly degenerate, and the wave localization center moves to the ribbon edges with a consistent waveform (Fig. 5(g ) and (i)). However, for a larger wavevector shift, the wave func- tions are distorted and truncated by the ribbon edges, e.g. k x = k 1 and k 5 ( Fig. 5(f) and (j) ). The electronic states are no longer dispersionless and correspond to the parabolic dispersion.
The competition responsible for the evolution of electronic structures is worthy of further investigations. The appearance of QLLs demonstrates where the magnetic fields dominate the electronic properties. The magnetic length l B = /eB, which is a criterion in determining the formation of Landau states, can characterize the distribution width of the Landau wave functions. For a narrower GNR, the energy dispersions are almost identical to the zero-field one (heavy red curves), meaning there are no QLLs and no changes on the standing waves (heavy red dots) as shown in Fig. 6(a) . Once the ribbon width is larger than the magnetic length, the QLLs are initiated from the low-lying electronic states. In the case of W zig = 2.7l B (Fig. 6(b) ), the energy spacings between subbands shrink, and the QLLs for n c,v = 0 and 1 are revealed. The n c,v = 0 Landau subbands have a lot of dispersionless Landau states, and the n c = 1 subband has only one at the formation center. Meanwhile, the band-edge state energy of the parabolic subband is the same as that of the n c = 1 QLL, i.e. the parabolic subband evolves into the n c = 1 Landau subband. The n c = 1 Landau wave function entirely resides in the nanoribbon, while the higher-energy ones are distorted and truncated. But for l B W zig (Fig. 6(c) ), many QLLs are formed with more well-behaved Landau wave functions. The magnetic quantization dominates the low-energy band structure around the formation center. Also, the magneto-electronic properties can be tuned by the field strength. The energy dispersions and electronic states are almost unchanged for a weaker magnetic field ( Fig. 6(d) ). When the field strength increases and l B is comparable to W zig , the QLLs make their appearances ( Fig. 6(e) ). As to a much stronger magnetic field (l B W zig ), the magnetic quantization determines the electronic structure, and hence, there are many QLLs with well-behaved spatial distributions ( Fig. 6(f) ).
The competition-induced evolution of magnetoelectronic properties, including the subband structure, energy spacing, band gap, as well as the energy dependence on the ribbon width, magnetic field strength, and subband index, is explored in detail and can be directly verified by experimental measurements. For ZGNRs under a specific magnetic field, the band-edge state ener-gies (heavy black curves) deviate from the zero-field ones (dashed green curves) and then approach to the QLL ones (solid red lines) with the increase of ribbon width ( Fig. 7(a) ). In other words, the energy dispersions evolve from the parabolic ones to the partially dispersionless ones. The dominant effect can be distinguished by the deviations and approaches, as shown by the dashed blue and red lines, respectively. On the left side of the dashed red line, the state energies are the same as the zero-field ones, indicating that the electronic structures are dominated by the lateral confinement; while on the right side of the dashed blue line, they are identical to the QLL ones, meaning that the magnetic quantization is the dominant effect. The region between these two lines clearly illustrates the strong competition of two quantum effects; therefore, the Landau wave functions are truncated and no QLLs are formed. As to AGNRs (Fig. 7(b) ), the deviation and approach lines are the same with those in ZGNRs, i.e. the width-dependent dominant regions are independent of the edge structures. Apparently, the lowest magneto-electronic state (the lowest heavy black curve), being lower than the zero-field one (the lowest dashed green curve), rapidly approaches to zero, indicating that the magnetic quantization accelerates the gap shrinkage and results in the semiconductor-metal transition. Moreover, the state energies exhibit the √ n cdependence (solid blue lines) for sufficiently wide GNRs ( Fig. 7 (c) and (d)). Similarly, the band-edge state energies (heavy black curves) undergo the deviations and approaches with the increase of magnetic fields, and the dominant effects can be clearly identified (Fig. 8) . After the QLL formation, the state energies are very close to those of monolayer graphene, and they can be expressed by
, where v F = 3tb/2 is the Fermi velocity and + (−) stands for the conduction (valence) states. [197, 198] The √ n c,v B-dependence, being different from the linear B-dependence in the twodimensional electron gas (2DEG), has been confirmed via infrared transmission experiments. [142, 143] The main characteristics and the competition-induced evolution of prominent Landau peaks in the DOS can be verified by STS. It is an extension of STM [199] [200] [201] and provides detailed information about the DOS on a sample surface, such as CNTs [123, 189, 202, 203] and silicon. [204] [205] [206] The tunneling conductance (dI/dV ), which is proportional to the DOS, [122] apparently reveals the main characteristics, i.e. the structures, positions, and intensities of the peaks. In very wide GNRs, the low-lying symmetric Landau peaks with the √ n c,v Bdependence have been observed. [207, 208] Recently, the spatial evolution of Landau states towards the ribbon edges has been reported, [126] and the gradual disappearance of the Landau peaks clearly exhibit the competition.
The competition is also reflected in the magnetotransport responses. For a 2D graphene, [26, 209, 210] the magneto-resistance as a function of the inverse magnetic field shows a typical Shubnikov-de Haas oscillation (SdHO). [211] When the magnetic length becomes com- parable to the width of nanoribbon, the competition has been unveiled by the anomalous SdHO, a strong departure from the 1/B periodicity. [19, 212] Furthermore, the breakdown of Hall quantization in narrow GNRs gives another experimental verification. The 2G 0 Hall plateau (with G 0 = 2e 2 /h) at the lowest filling factor of 2 vanishes, and the seriously distorted structures in conductance are generated for any filling factors. [194, 195] Experimental measurements have made significant progress in the direct observations on Landau wave functions. Since 2DEG is usually deeply buried in semiconducting heterostructures, the experimental observations on the nodal structures of Landau wave functions are elusive. However, the advent of surface 2DEG in graphene, [213] doped semiconductors, [214, 215] and topological insulators [216, 217] has opened the way for the experimental verifications. Recently, the observations about the Landau orbitals without zero point are revealed in the STM real-space imaging of electronic probability density, [218, 219] while at the later time the further observations on the concentric-ring-like nodal structures have also been realized. [220, 221] In GNRs, the Landau wave functions are affected by the geometric configurations and external fields. The lateral confinements and curvatures (Section III) result in the distortions and truncations in spatial distributions. Bilayer GNRs with different stackings possess various nodal structures (Section IV). Electric fields cause severe mixings of Landau orbitals in the collapsed QLLs. The QLL-related mixings in the non-uniform GNRs and GNR-CNT hybrids lead to the discontinuous and kink-form distributions (Section V). The diverse spatial distributions in Landau wave functions can be examined by the spectroscopic-imaging STM measurements on nodal structures. [218] [219] [220] [221] 3. Electric-field-induced rich properties.
A transverse electric field can induce the different site energies and the destruction of the mirror symmetry about the xz-plane, so that the electronic properties are significantly diversified. The low-lying electronic structures are sensitive to the field strength and reflected on the DOS, including the splitting of partial flat subbands, mixing of conduction and valence subbands, extra bandedge states, gap opening, and semiconductor-metal transition. The gate-voltage-controllable gap, which can be verified by the measurements on conductance [30, 34] and absorption spectrum, [222] provides the flexibility in the design of GNR-based nanoelectronic devices. The main characteristics of wave functions, the symmetry, node number, and localization center of the spatial distribution, are drastically altered and can be further examined by the spectroscopic-imaging STM. [134, 139, 189] The low-lying energy subbands are violently changed by the transverse electric field E yŷ . [84, 223, 224] For ZGNRs, the doubly degenerate partial flat subbands are split with an energy spacing, ∆U y = |eE y W zig |, reflect- ing the edge localization of electronic states. An energy gap is opened and enlarged with the increasing field strength ( Fig. 9(a) ). After reaching a maximum value, it shrinks and vanishes due to the mixing of valence and conduction subbands, e.g. the mixed J c = 1 and J v = 1 parabolic subbands in Fig. 9 (b). Both the metalsemiconductor and semiconductor-metal transitions are revealed during the variation of field strength. It is noticeable that the strong electric fields lead to the oscillatory subbands with more extra band-edge states. As to AGNRs, the low-lying parabolic subbands are widened with more band-edge states ( Fig. 9(c) ). The energy gap monotonically reduces and then approaches to zero with the subband mixing as E y grows, for instance, the J c,v = 1-5 oscillatory subbands in Fig. 9 (d). There exists a semiconductor-metal transition in AGNRs. [193, 225] Approximately, the E y -dependent maximum gap is inversely proportional to the ribbon width, regardless of the edge structures. [84, 154, 226] The special structures in the DOS are enriched by the transverse electric field. In ZGNRs, the highest sym-
DOS of the Ny = 300 ZGNR and Ny = 519 AGNR under various electric fields. The gray zones indicate the additional peaks.
metric peak at ω = 0 corresponding to the partial flat subbands is split into two ones with a spacing of ∆U y ( Fig. 10(a) ). Such peaks are rapidly far away from the Fermi level and appear at higher energies. Meanwhile, the low-lying peak structures are replaced by pairs of asymmetric ones ( Fig. 10(b) ). While for AGNRs, only the low-lying two peaks are enhanced at small E y ( Fig. 10(c) ). Many additional peaks are revealed due to the wide range of subband mixing in the further increase of E y ( Fig. 10(d) ). The variations in number, position, height, and structure of prominent peaks near the Fermi level can be tested by STS measurements. [126, 207, 208] The spatial distributions of standing waves are severely distorted by E y . The symmetric and anti-symmetric features no longer exist (heavy red dots in Fig. 11 ). The regularities of node numbers are destroyed, especially for the low-lying energy subbands. For example, instead of one, there are two and three nodes in the sublattices A and B of the J c = 1 wave function, respectively ( Fig. 11(c) ). While for the higher-energy electronic states, the effects of the electric field are greatly reduced, e.g. the tial distributions are shifted to the ribbon edges without the variations in node numbers and amplitudes. Moreover, the conduction and valence ones shift oppositely to each other. By means of the spectroscopic-imaging STM, [134, 139, 189 ] the destructions of zero-point regularity and distribution symmetry and the changes of amplitude and localization center can be examined.
Diverse properties in a composite field.
A composite field, which consists of a perpendicular magnetic field and a transverse electric field, can diversify the magneto-electronic properties. The strong competition between these two fields will be obviously revealed in the electronic properties. The different site energies hinder the formation of Landau states with the same energy. The symmetry of energy spectrum is dramatically changed. The QLLs are tilted, and their spacings are gradually reduced during the variations of electric and magnetic fields. There exists a critical electric field with a specific ratio to the magnetic one, in which the tilted QLLs are collapsed with zero energy spacing and the Landau wave functions are thoroughly destroyed.
The zero-field energy subbands exhibit the symmetric energy spectrum,
. The former and the latter result from the inversion symmetry along the x-axis and the equivalence of A and B sublattices, respectively. Under the magnetic or electric field, these symmetric properties keep the same. However, a composite field breaks the inversion invariance and makes the energy dispersion change into antisymmetric spectrum E c (k Fig. 12 (a) and (c)). When the magnetic field is fixed at the z-axis, x → −x and y → −y are operated simultaneously. The variation of the transverse electric potential from V (y) to V (−y) = −V (y) means that the electron spectrum will become the hole spectrum, or vice versa. Although the energy spectrum is anti-symmetric, the DOS remains symmetric about ω = 0 (Fig. 12(b) and (d) ).
The QLLs are tilted with the same angle for various E y 's. The tilting pivots are at k x = 2/3 and k x = 0 for ZGNRs and AGNRs, respectively ( Fig. 12(a) and (c) ). The low-lying conduction and valence subbands coexist within a specific energy range, [131, 227, 228] for instance, the n c,v = 0 subbands of the AGNRs (Fig. 12(c) ). With the increase of E y , the tilting angle is getting larger, and more subbands overlap simultaneously. It is remarkable that, at the zone boundary of ZGNR, the partial flat subbands split with an energy spacing of ∆U y , which features the edge-localized states. Near the tilting pivots, the n c = 0 subband possesses only the Landau states and behaves like a QLL, but the n v = 0 subband has only the edge-localized states and preserves the partial flat energy dispersion. [131] As a result, the mixed Landau and edgelocalized states can be separated by the electric field. Additionally, the large overlap of conduction and valence subbands is predicted to induce the irregular oscillations in the ballistic conductance. [193, 225] DOS under the electric field exhibits a lot of prominent structures, including asymmetric peaks, a finite plateau centered at ω = 0, and a pair of symmetric peaks. The asymmetric peaks arise from the band-edge states of composite subbands with tilted QLLs and parabolic dispersions. The low-lying tilted QLLs with linear dispersions cross over the Fermi level, and thus induce the plateau structure. As to ZGNRs, there is an energy spacing of ∆U y between two quite strong symmetric peaks associated with the splitting subbands of n c,v = 0. The increase of E y will significantly reduces the asymmetric peak height, narrows the plateau width, and enlarges ∆U y . These variations can be investigated by STS measurements, [126, 207, 208] so that the tilt of QLLs can be verified.
The collapse of QLLs can be identified from the energy spacings and wave functions. The energy spacings between the n c,v = 1-3 and n c,v = 0 QLLs at k x = 2/3 gradually decline in the increase of E y ( Fig. 13(a) ). The main characteristics of QLLs are absent at a critical field of |E y | = v F |B|. In other words, the tilted QLLs are piled up on a straight line, and there are no spacings between them ( Fig. 13(a) and (b) ). The wave functions are severely mixed and distorted, as evidenced by the entire destructions in the node regularity and spatial symmetry of the n c,v = 0 and 1 wave functions at k x = 2/3 (large black dots in Fig. 13(c) ). The gradual collapse of QLLs indicates an intense competition between the transverse centrifugal force and the longitudinal Coulomb force. As the former is fully suppressed by the latter, the cyclotron motion is destroyed and the dispersionless QLLs can not be formed.
Effects of modulated electric fields on magneto-electronic
properties.
Magneto-electronic properties under modulated electric fields are an intriguing field of less exploration. [229] [230] [231] [232] A modulated electric potential can be created by a periodic array of electrostatic gates, [233] [234] [235] [236] [237] [238] thin films of multiferroic BiFeO 3 with ordered domain strips, [239] [240] [241] [242] [243] and two interfering laser beams. [244] [245] [246] [247] [248] The magnetoresistance measurements on the GaAs/AlGaAs heterojunctions have been done to realize the Weiss oscillations in the 2DEG systems. [245] [246] [247] 249] Recently, graphene in the non-linear electric potentials can be achieved by applying one or several local top-gate voltages, [250] [251] [252] [253] [254] [255] creating the charge inhomogeneities in the interactions with Ru(0001) substrate, [256] [257] [258] and placing on thin films of ferroelectric BiFeO 3 . [259] [260] [261] The modulated electric field is relatively easy to reform the different site energies and severely suppresses the cyclotron motion in the magnetic field. The main effect is to turn the QLLs into the oscillatory subbands with more extra band-edge states. Moreover, the symmetry of energy spectra, energy spacing, and spatial distribution of Landau wave functions are drastically modified or entirely destroyed.
A modulated electric potential is assumed to be in the form of U mod sin[2π(y/λ) + θ mod )], where U mod , λ, and θ mod are the amplitude, modulation period, and extra phase shift, respectively. [262] Since the localization center of Landau wave function moves with the variation of k x , the energy dispersions of oscillatory subbands are closely related to the modulation form of electric potential. The modulated electric field dominates the k xdependent energy dispersions so that the subbands oscillate in the form similar to the potential. Each low-lying subband oscillates once with two extra band-edge states under the sinusoidal potential of one period ( Fig. 14(a) ). These subbands have a wide-range energy overlap due to the large oscillation amplitudes. The modulation effect is reduced for the higher-energy subbands. The amplitudes of the n c,v = 1 subbands become smaller than that of the lowest subband; furthermore, the n c,v ≥ 2 subbands possess only slightly distorted parabolic dispersions. The increase of potential period reflects on the oscillations of low-lying subbands and brings severe changes to the higher-energy dispersions. For a period of λ = W zig /3, the lowest subband oscillates three times with more extra band-edge states (Fig. 14(b) ). The higher-energy dispersions exhibit irregular oscillations and energy spacings owing to the mixings of neighboring oscillatory subbands. In general, the symmetries of electronic properties are mainly determined by the spatial distribution of modulated potential. For example, the energy spectra in Fig. 14(a) & (b) and Fig. 14(c) , respectively, illustrate the anti-symmetric and asymmetric band structures. In addition, the different potential energies at two edges will induce the splitting of degenerate partial flat subbands (Fig. 14(c) ).
The prominent structures in DOS are sensitive to the modulation period and extra phase shift. Numerous asymmetric peaks arising from the oscillatory subbands are revealed in Fig. 14(d) . With the increase of λ, the number of peaks is largely enhanced, and some lower peaks merge into a higher one (red triangles in Fig. 14(e) ). The symmetric DOS about ω = 0, which results from the anti-symmetric energy dispersion, is absent under the electric potential without spatial symmetry ( Fig. 14(f) ). Moreover, the highest symmetric peak at ω = 0 ( Fig. 14(d) and (e)) is split with a potential difference between two edges ( Fig. 14(f) ). The aforementioned variations of the prominent structures in DOS can be explored by STS measurements; [256] [257] [258] therefore, the severe subband mixing, symmetry breaking in energy dispersions, and splitting of partial flat subbands will be identified.
Also, the wide-range subband mixing indicates drastic modifications in the magnetic wave functions and the severe suppression on cyclotron motion. The spatial distributions of irregular wave functions (large dots in Fig. 14(g ) and (h)) are much different from those of the regular ones (small black dots) in amplitudes and node numbers. Each n c,v = n irregular wave function is the superposition of n c,v = n, n ± 1, n ± 2,... Landau wave functions, as evidenced by the finite inner product between the former and the latter. For instance, the wave function of B sublattice for n v = 1 subband ( Fig. 14(g) ), which possesses four local extrema instead of two, is the superposition of n c,v = n and n ± 1 Landau wave functions. Such band-mixing-induced modifications and wave function superpositions can be found in the band-edge states (k x = k 1 ) and non-band-edge states (k x = k 2 ) as shown in Fig. 14(g ) and (h), respectively. Especially, the wave functions of k 2 exhibit extreme spatial distributions, e.g. the n c = 2 (n v = 2) wave function is mostly distributed on the left (right) side. 
C. Optical properties
When a GNR is present in an electromagnetic field, with the electric polarizationê x, electrons are excited from the occupied to the unoccupied states. The vertical optical transitions with the same wave vector (∆k x = 0) are available since the photon momentum is almost zero. Based on the Fermi's golden rule, the optical absorption function is given by
where m e is the bare electron mass, p the momentum operator, f [E h (k x , n)] the Fermi-Dirac distribution function, and Γ (2 meV) the phenomenological broadening parameter. The spectral intensity is determined by the joint density of states (the first term) and the velocity matrix element (the second term). The latter is evaluated within the gradient approximation, [263] [264] [265] [266] as successfully done for other carbon-related systems, such as layered graphites, [264, 267] CNTs, [267, 268] and few-layer graphenes. [269, 270] The velocity matrix element is expressed as
where C h l (k x , n) is the amplitude on lattice site of the subenvelope function. ∂H l,l /∂k x related to the nearestneighboring atomic interactions is non-vanishing for k x · δ i = 0. Whether the optical transitions can survive rely on the finite inner product among the initial and final state on different sublattices and ∂H l,l /∂k x . The effects due to the geometric configurations and external fields that diversify the optical spectra will be thoroughly examined.
1. Edge-dependent absorption spectra.
The low-energy optical spectra of GNRs exhibit a lot of absorption peaks, while that of graphene is featureless due to the linear Dirac cone. [269] Lateral confinement is responsible for the difference; that is, only the former have many vHSs in the DOS. Also, the edge structures play a crucial role in optical selection rules. ZGNRs and AGNRs are predicted to have different selection rules. [74, 75] The former are distinct from the armchair CNTs (ACNTs) in the selection rule, but the opposite is true between the latter and ACNTs. The edge-dependent selection rules can be realized from the special relations between the regular standing waves of the initial and final states. [76, 77] The experimental measurements are required to verify the feature-rich absorption spectra.
The prominent structures of low-frequency absorption spectra at zero temperature are very sensitive to the edge structures and ribbon widths. A large number of divergent asymmetric peaks (ω J v J c 's), which originate from the vertical interband transitions between the 
J
v th valence and the J c th conduction parabolic subbands, are revealed in the optical spectra (Fig. 15) . For ZGNRs, the absorption peaks obey the selection rule, |∆J| = |J c − J v | = odd, i.e. the optical transitions are available only between two subbands with an odd index difference ( Fig. 15(a) ). The optical transition frequencies of J v = J → J c = J +1 and J v = J +1 → J c = J are the same due to the symmetry of energy dispersions, so that only the transition channels of J v ≤ J c are displayed. Moreover, such peaks can be further classified into the higher and lower ones. The higher principal peaks become strong with the increasing frequency owing to the decrease of subband curvature (Fig. 3 ) and the increase of transition channels. For example, ω 27 , ω 36 , and ω 45 merge into the fourth principal peak. Meanwhile, there exists one lower subpeak between two adjacent principal peaks. These subpeaks correspond to the transitions from the J v = 1 valence subband to the J c = 4, 6, 8,... conduction subbands. That the initial subband has a very large curvature near k x = 2/3 is the main reason for the weak spectral intensity. As to AGNRs, the selection rule of ∆J = 0, indicates that only the vertical excitations from the valence to conduction subbands of the same index are allowed (Fig. 15(b) ). The peak positions and the threshold frequency, which associate with the energy spacings between two available subbands, will grow quickly for narrow GNRs. It is remarkable that the available optical excitations for GNRs and CNTs are quite different. The selection rules of GNRs are edgedependent, while all the CNTs possess an identical selection rule similar to that of AGNRs (Section III B).
The peculiar relations in the spatial distributions of regular standing waves are responsible for the edgedependent selection rules, especially the relations between two equivalent A and B sublattices as well as the relations between the conduction and valence states. The available optical transitions are determined by the finite product among the initial state on the A (B) sublattice, the final state on the B (A) sublattice, and ∂H l,l /∂k x (eqn (7)). For any k x states in ZGNRs, ∂H l,l /∂k x due to the nearest-neighbor interactions is a constant for δ 2 and δ 3 , but vanishes for δ 1 . Moreover, when the difference of subband index is an odd number, the symmetric properties of the spatial distribution are the same for the conduction A (B) sublattice and valence B (A) sublattice (Fig. 3) . The selection rule of |∆J| = odd can be derived by the detailed analytical calculations. [76, 77] On the other hand, as to the band-edge states of AGNRs, ∂H l,l /∂k x for δ 1 is twice that for δ 2 and δ 3 . Furthermore, the selection rule of ∆J = 0 can be obtained with the following two special relations, including the in-phase/out-of-phase relations between A and B sublattices in a specific subband, and between the conduction and valence subenvelope functions of an identical subband index (Section II B 1). The edge-dependent selection rules need further experimental verifications.
Magneto-absorption spectra.
Magnetic fields induce the highly degenerate QLLs and change the regular standing waves into the Landau wave functions. The well-behaved Landau wave functions have the unique spatial symmetry, so that the available optical transitions associated with the symmetric absorption peaks are governed by the QLL-dependent selection rule. However, the competition between the lateral confinement and magnetic quantization will be revealed at the higher-frequency asymmetric peaks. The coexistence of the QLL-dependent and edge-dependent absorption peaks relys on the ribbon width and field strength. On the experimental aspect, it is difficult to measure the optical properties from one single nanoscale GNR because of the low-intensity optical responses. Recently, the array of GNRs can be fabricated lithographically on layered graphene via the optical method, [271, 272] gas phase etching, [273] electron beam, [144, [274] [275] [276] helium ion beam, [277] and self-assembly block copolymer template. [278, 279] Its optical response is sufficiently strong for experimental measurements. Part of the theoretical predictions on the magneto-optical properties have been verified. [144] GNRs have an edge-independent selection rule in the low-frequency magneto-absorption spectra, as shown in Fig. 16 . There are many prominent symmetric peaks (ω n v n c 's) corresponding to the vertical transitions from the n v QLL to the n c = n v ± 1 QLL. The peak height, which is proportional to the width of QLL, declines with the increasing frequency. The valence and conduction Landau wave functions have similar spatial distributions, and the oscillation modes on the A and B sublattices for any subbands differ by one (Section II B 2). In other words, the Landau modes for the different sublattices of valence and conduction subbands with adjacent indices are the same. The velocity matrix elements have finite values for the initial and final states with the same mode, so that the optical transitions can survive for the subbands satisfying the magneto-optical selection rule, |∆n| = |n c − n v | = 1. [81, 82] It is obvious that the transition frequencies exhibit the simple relation √ B( √ n v + √ n v ± 1) based on the √ n c,v B relation in state energy and the QLL-dependent selection rule of |∆n| = 1. In addition, the lower additional absorption peaks in AGNRs (red triangles) originate from the verti-cal transitions associated with the extra band-edge states (inset in Fig. 16(b) ).
The edge-and QLL-dependent selection rules govern the higher-and lower-frequency optical excitations, respectively. With the increase of frequency, the spectral intensity gradually descends, and the symmetric peaks transform into the asymmetric ones. The former arise from the transitions between QLLs of |∆n| = 1, while the latter composed of multiple transition channels correspond to parabolic subbands of |∆J| = odd, as shown respectively on the left and right sides of the dashed line in Fig. 17(a) . The governing regions for the two selection rules are affected by the field strength and ribbon width. The lower the magnetic field strength is, the smaller the critical frequency is. The number, height, and transition frequency of symmetric peaks on the left side of dashed line are reduced (Fig. 17(b) ). The higher QLL transition peaks are replaced by the multi-channel asymmetric ones, e.g. the fourth peak of ω 34 and ω 25 . On the other hand, the critical frequency also exhibits the red shift with the decreasing ribbon width. The peak intensities of ω 01 and ω 12 are lowered, while their frequencies remain the same (Fig. 17(c) ). In addition, the weak bump structures come from the vertical excitations related to the n c,v = 0 subbands. There exist certain important differences between 2D graphene and quasi-1D GNR in magneto-absorption spectra. As to graphene, the Landau absorption peaks have the uniform intensity, √ B-dependent transition energy, and magneto-optical selection rule of |∆n| = 1. [280, 281] These unique features have been confirmed through the magneto-optical transmission [141] [142] [143] 282] and magneto-Raman spectroscopy. [283] On the other hand, the main differences induced by the competition between magnetic quantization and lateral confinement include the structure and intensity of absorption peaks, deviation of √ B-dependence, and coexistence of selection rules. Part of the theoretical predictions in GNRs have been recently verified by the infrared transmission measurement on epitaxial GNR arrays, [144] mainly for the threshold absorption peak of ω 01 in the magneticfield strength. For narrow GNRs, ω 01 does not obey the √ B-dependence at low magnetic field, but the opposite is true at high one. Especially, the coexistent selection rules are worthy of further experimental measurements.
Effects of electric fields.
The special competition among the electric field, lateral confinement, and magnetic quantization drastically modifies electronic properties and thus optical spectra. For a sufficiently strong electric field, energy dispersions are highly distorted with more extra band-edge states or collapsed with zero energy spacings. Moreover, the wave functions exhibit the mixing of neighboring electronic states and extremely irregular distributions. During the variation of field strength, the diverse optical spectra are revealed, including the gradual suppression of prominent absorption peaks with edge-or QLL-dependent selection rules, the generation of lower peaks with extra selection rules, the coexistence of comparable peaks with different selection rules, the creation of numerous peaks without selection rules, and the almost vanishing optical transitions. The electric-field-induced rich spectra can be explored via the optical experiments [141] [142] [143] [144] 282] on the side-gated GNRs. [97] [98] [99] [100] [101] [102] [103] Electric field can enrich absorption spectra by competing with the lateral confinement. [84] With the increase of electric field, the prominent peaks of the edge-dependent selection rules are lowered, and the subpeaks satisfying the extra selection rules come to exist. Two kinds of peaks coexist and their intensities become comparable. For ZGNRs, the absorption peaks obey the edgedependent selection rule of |∆J| = odd and the extra FIG. 18 . Low-energy absorption spectra of the ZGNR and AGNR in various electric fields Ey = 0 (light red curves), Ey = 0.7 mV/Å (dashed black curves), and Ey = 3.8 mV/Å (heavy bule curves). The transition channels for peaks obeying the selection rules are given.
one of ∆J = 0 (dashed black curve in Fig. 18(a) ). Similarly, AGNRs have the coexistent optical transitions corresponding to the edge-dependent and extra selection rules of ∆J = 0 and |∆J| = 2, respectively (dashed black curve in Fig. 18(b) ). The electric field leads to the mixing of adjacent standing waves in the distorted wave functions so that the extra optical transitions are available. Selection rules are thoroughly destroyed at a very large electric field (heavy bule curves in Fig. 18 ), in which many absorption peaks come from the band-edge states of oscillatory subbands (Fig. 9 ) associated with the serious mixing of several neighboring electronic states.
The electric field can suppress the magnetic quantization and diversify the magneto-optical spectra. The intensity of Landau absorption peaks is reduced, especially for the higher-frequency ones. Meanwhile, many additional optical transitions between the tilted QLLs are observable (dashed black curve in Fig. 19 ). The distorted Landau wave functions are responsible for the suppression of |∆n| = 1 Landau transitions, and the constant energy spacing between the tilted QLLs (Fig. 12) stands for the sufficiently strong extra peaks. Moreover, the optical excitations from tilted QLLs are entirely suppressed at the critical electric field (heavy blue curve in Fig. 19 ), where the spatial distribution of Landau wave functions are severely distorted and the collapsed QLLs have zero spacing (Fig. 13) . The remaining low-intensity subpeaks are related to the band-edge states.
III. CURVED SYSTEMS
A flexible carbon membrane, composed of sp 2 bonding and exhibiting a high Young's modulus, [23] can be easily bent without loosing its unique electronic and atomic structural properties. These curled and folded sp 2 -hybridized materials contain curved GNRs, [284] folded GNRs, [285] fullerenes, [7, 8] CNTs, [9, 10] carbon tori, [286, 287] as well as folded, [288] [289] [290] [291] rippled, [292, 293] bubbled, [294] [295] [296] [297] [298] and edgescrolled [299] [300] [301] [302] graphenes. These systems possess specific geometric symmetries with dimensionalities ranging from zero-to two-dimension and curved surfaces with either open or closed boundary.
Magnetic quantization on curved surfaces is one of the mainstream research topics, and motivates many theoretical and experimental studies, such as the QLLs in curved GNRs, [284] periodical Aharonov-Bohm oscillations in CNTs, [85, 87, 88, 303, 304] persistent currents in carbon tori, [305] [306] [307] [308] quantum Hall effects in graphenes with scrolled edges, [299] diamagnetism in C 60 and C 70 , [309] [310] [311] [312] [313] [314] [315] pseudo-LLs in rippled graphenes, [316] [317] [318] [319] [320] [321] [322] [323] and QLLs in folded GNRs. [285] Recently, the curved GNRs can be fabricated by the unzipping of CNTs [46, 49] (Section I). In the two systems, the relationships among the curvatures, boundary conditions, and magnetic fields deserve a detailed investigation. Curvatures change the magnetic flux passing through the curled honeycomb lattice, and the effects of the quantization become positiondependent. Also, the non-parallel alignment of the 2p z orbitals leads to the decrease (appearance) of π (σ) bondings and the modification of hopping integrals. The energy dispersions of Landau subbands and the spatial distributions of wave functions will be severely altered. On the other hand, the electronic states of a cylindrical CNT with a periodic boundary condition are characterized by the quantized angular momenta, J's. A perpendicular magnetic field induces the coupling of angular momenta, and thus the energy subbands split and the circular standing waves drastically change. Whether the QLLs will survive is mainly determined by the tube diameter and field strength. Moreover, the prominent magneto-absorption peaks abide by the QLL-dependent and angular-momentum-dependent selection rules. The main features of the peaks, including the position, height, number, and structure, will be notably diversified.
The organization of this section is stated as follows. The first two subsections describe the magneto-electronic properties of curved GNRs and CNTs, respectively. The effects of curvatures and boundary conditions on the energy dispersions, DOS, and wave functions are presented. In the last subsection, the curvature-and boundaryinduced variations in magneto-optical properties are provided. Detailed comparisons are also made between the theoretical results and experimental observations.
A. Magneto-electronic properties of curved GNRs
A curved GNR can be characterized by the curvature radius (R) and the central angle (θ), as depicted in Fig. 20(a) . The misorientation of 2p z orbitals in the curved surface leads to the change of hopping integral between two nearest-neighbor atoms as described
where α (= 1, 2, 3) corresponds to the three nearest neighbors, and θ α (θ 1 = b/R; θ 2 = θ 3 = b/2R) is the arc angle between two nearest-neighbor atoms. [324] The first and the second terms indicate π and σ hopping energies, respectively. The Slater-Koster parameters V ppπ = −2.66 eV and V ppσ = 6.38 eV, [325] and θ α indicates the arc angle between orbitals. The curvature effect has been confirmed to modify the electronic properties of CNTs, [326] [327] [328] as well as been adapted to explain the gap opening in zigzag CNTs with small diameters [329] . When a uniform magnetic field B = Bẑ is applied to the curved GNR, the vector potential is expressed as A = BR sin(Φ)x in terms of the cylindrical coordinates (r, Φ, x) and the Peierls phase (eqn (3)) that is added to the wave functions. An effective magnetic field B ef f = B cos(Φ), defined as the perpendicular B component on the curved surface, is introduced to explore the electronic properties, which are enriched and diversified as a result of the competition between the magnetic field and geometric curvature. In other words, curving a GNR provides an ideal means to study the effects of a spatially modulated magnetic field. The magneto-electronic structures of curved GNRs are drastically affected by the effectively non-uniform magnetic field (Fig. 21(a) ). For a moderate curvature, the dispersionless QLLs are converted into the oscillatory Landau subbands, which reveals that the electronic states hardly congregate at the same energy under the influence of curvature. Each oscillatory Landau subbands has three band-edge states. Such states would induce the peaks in the DOS and thus the absorption peaks. As for the lower n c,v subbands, electronic states in the vicinity of the middle band edges (k x = 2/3) still belong to the Landau states, while those around the other two band edges are drastically changed by the lateral confinement. With the increment of subband index n c,v , the energy spacing between the oscillatory Landau subband and QLL is enlarged due to the reduction of magnetic quantization. This also leads to a slight decrease in the amplitude of oscillatory Landau subbands. At higher-energy levels, the band structure exhibits the 1D parabolic subbands. The aforementioned results directly reflect the difficulty in aggregation of electronic states in a curved GNR. The described phenomena become more obvious for a curved GNR with larger central angle, where the effective magnetic field changes more rapidly along the y-direction. The large θ enlarges the subband oscillation and the energy difference between the right and left band edges, while the number and the wavevector range of oscillatory Landau subbands are reduced ( Fig. 21(b) ). In addition, the band-mixing phenomena around k x = 2/3 happen, which result in extra optical transition channels. On the other hand, the curvature effects only slightly reduce the dispersionless region of the subband at the Fermi energy, since the structure of zigzag edge remains. Curvature significantly change the structure of DOS. In the case of a moderate curvature (Fig. 21(c) ), the peak at frequency ω = 0 remains the symmetric peak, (Fig. 21(d) ).
The spatial distribution of wave functions, which dominates the selection rules and absorption peaks, strongly depends on the curvature and field strength. In Fig. 22 For the middle band-edge states ( Fig. 22(a) and (b) ), the wave functions still exhibit the spatial symmetry of Landau wave functions, and the proportional relationship is presented between the wave functions of the B sublattice for the n v = 0 subband and the wave functions of the A sublattice for the n c = 1 subband. However, for states deviating from the oscillating center k x = 2/3, the spatial symmetry of Landau wave functions is broken. As to the right band-edge states (Fig. 22(c) and (d) ), the wave functions are localized at one of the ribbon edges, and the distortion and truncation of wave functions are carried out by the open boundaries. The relationship of wave functions between the B sublattice for the n v = 0 subband and the A sublattice for the n c = 1 subband still has a strong overlap, and further such overlap causes the nonzero velocity matrix element and related optical transition peak. For the left band-edge states (Fig. 22(e) and (f)), the wave functions exhibit a similar phenomenon except that the distortions of wave functions occur at the other side of GNR. These results suggest that the optical transitions between the n v = 0 valence subband and the n c = 1 conduction subband are still alive; however, the oscillation in Landau subbands leads to the multipeak structure for the transition between two specific subbands.
B. Magneto-electronic properties of CNTs
Since a CNT possesses a closed cylindrical structure, its electronic states are characterized by the angular momentum quanta, J's, [327, [330] [331] [332] [333] an essential difference in contrast to GNRs with open boundaries. When an axial magnetic field is applied, a shift of J leads to the metal-semiconductor transition as a result of AharonovBohn effect. On the other hand, a transverse magnetic field induces a coupling of the independent angularmomentum states, making energy subbands become less dispersive. Recently, experimental observations on QLLs of CNTs were achieved via magneto-transport measurements in a CNT-based Fabry-Perot resonator under an extremely strong magnetic field. [334, 335] As the polarization of the incident light is parallel to the tube axis, the allowed transitions are those between the occupied and unoccupied states with the same angular momentum, ∆J = 0, which has been theoretically predicted [86, 87, 268, [336] [337] [338] [339] and experimentally verified. [340, 341] When an axial magnetic field is applied, the peak splitting and the periodicity of Aharonov-Bohn oscillations, [342] [343] [344] [345] which are theoretically predicted in magneto-absorption spectra of CNTs [85-88, 303, 336, 338] have been verified experimentally, [304, [346] [347] [348] whereas the selection rule remains. On the other hand, perpendicular magnetic fields cause the coupling of the independent angularmomentum states. This might trigger available optical transitions between various valence and conduction subbands.
In the case of θ = 2π, a zipped curved ZGNR corresponds to a ACNT, named according to the shape of circular cross section. As shown in Fig. 23(a) , the band structure, symmetric about k x = 2/3, is composed of two linear subbands intersecting at the Fermi energy and several doubly degenerate parabolic subbands. The closed boundary condition makes the edge-localized states at the Fermi energy disappear. Also, the distinct magneto-electronic structures presented by the curved GNR and CNT are mainly due to the different boundary conditions. The perpendicular magnetic field causes the coupling of states, converts the linear subbands into parabolic ones, and lifts the degeneracy in CNTs (Fig. 23(b) ). Intersecting at the Fermi energy, the lowest conduction subband and the highest valence subband are labeled by the subband indices n c = 0 and n v = 0, respectively. Furthermore, the pairs of conduction subbands (valence subbands) intersecting at k x = 2/3 are denoted as n c (n v ) = 1, 2, 3,..., ascending in accordance with the energies. Instead of containing single angular momentum, the electronic state possesses multiple angular momenta of adjacent subbands. It is also noted that n c,v = 0 and n c,v = 1 are the only ones that possess a small dispersionless region under the reduced magnetic quantization in CNTs. The parabolic subbands are the main structures of the energy spectrum. By increasing the diameter of CNT and the strength of magnetic field, the Landau subbands of higher energies will gradually form with the elongation of dispersionless region. These important differences between CNTs and curved GNRs indicate that the boundary conditions play a crucial role in the electronic properties. In the absence of external fields, the DOS of CNT contains lots of asymmetric peaks and a finite density near the Fermi energy (Fig. 23(c) ). In magnetic fields, the three additional peaks around ω = 0 and ω = ±0.12 eV (indicated by triangles) are induced by the magnetic quantization, exhibiting a symmetric form ( Fig. 23(d) ).
In a CNT, the wave function with an angular momentum J is characterized by two linearly independent functions, sin(JΦ m ) and cos(JΦ m ), where 0 ≤ Φ m ≤ 2π indicates the azimuthal coordinate of a carbon atom. As the polarization of incident light is parallel to the tube axis, the allowed transitions are only those satisfying the selection rule of ∆J = 0. [86, 87, 336] On the other hand, the J-coupled states in a perpendicular magnetic field can be expressed as a combination of different J's. (Fig. 24(e) and (f) ). It is thus deduced that when the field strength or tube diameter is increased, the stronger angular momentum coupling leads to further selection rules and absorption peaks.
The field strength and tube diameter are the crucial roles in controlling the magneto-electronic properties of CNTs. For a narrow CNT under a weak magnetic field, the parabolic subbands in the energy spectrum remain, and the related asymmetric peaks are the main structures in the DOS. For a CNT in a sufficiently large field, curvature-reduced magnetic quantization causes Landau subbands and symmetric DOS peaks. For a wide CNT in a strong field, the dispersionless regions of Landau subbands enlarge, the Landau subbands with high energies appear, and the related symmetric peaks become the prominent structures in the DOS. These predicted evolution in the magneto-electronic structures of CNTs can be verified by the STS, which has successfully been used in realizing the electronic structures of CNTs. [123, 202, 349] The formation of Landau subband is a key feature of the magnetic quantization in CNTs. Some signature of the Landau subband formation is first reported by Kanda et. al.. [350] Recent observations on the Landau states of CNTs are achieved via magneto-transport measurements in a CNT-based Fabry-Perot resonator in a very large magnetic field. [334, 335] C. Magneto-optical properties Magneto-optical properties of curved GNRs and CNTs are particularly interesting in terms of exploring the curvature effects during zipping process and the optical responses through the transformation of an open boundary into a closed cylindrical boundary system. When a GNR is bent into a curved one, the prominent absorption peaks contributed by inter-QLL transitions split into trisubpeaks, among which the spacing becomes separated from one another with an increment of the curvature. However, as the curvature exceeds a certain critical value, some peaks vanish and extra peaks appear. It should be noticed that as a zipped CNT is formed, the transition peaks and optical selection rules are correlated to the degree of angular-momentum coupling. They continuously change with a variation of the diameter and field strength.
The direct transitions for a flat GNR (red curve in Fig. 25(a) ) that satisfy the selection rule of |∆n| = 1 between valence and conduction QLLs contribute to symmetric delta-function-like absorption peaks, which are spaced approximately by a proportional relationship √ B( √ n c − √ n v ). However, the curvature significantly changes the features of magneto-optical spectra, such as the number, peak structure, height and frequency of absorption peak. For a moderate central angle of 5π/6, the absorption spectrum, responsible for the peak splittings in the DOS, demonstrates more low-intensity asymmetric peaks (heavy black curve in Fig. 25(a) ). It is still the selection rule of |∆n| = 1 that dominates the magneto-optical spectrum, because the features of Lan- (diamond), where the subscripts R, L, and M are used to identify the interband transitions from the right, left, and middle bandedge states. The spacing of a tri-peak structure is determined by the Landau subband amplitude. The ω n(n+1) M subpeak can be regarded as from inter-QLL transitions (Section III A); it is closest to the inter-QLL excitation peak of the flat GNR and has the highest intensity among the tri-peaks. The other two lower subpeaks, away from the Landau absorption peak, are under weaker B ef f and significantly affected by the lateral confinement.
With an increment of the central angle, the subpeaks are red-shifted and broadened; moreover, additional subpeaks of |∆n| = 1 can be induced (heavy red curve in Fig. 25(b) ). These subpeaks remain sharp in the low frequency region, while become obscure and distorted at high frequencies. This indicates that the curvature effects on the magneto-optical properties is stronger at higher energies. On the other hand, a stronger magnetic quantization causes the blue shift and intensity enhancement of subpeaks (light blue curve in Fig. 25(b) ). Consequently, the appearance or absence of the |∆n| = 1 additional subpeaks mainly results from the complex relationship between the geometric structure and magnetic field.
Due to the periodic cylindrical symmetry, the selection rules of CNTs are different from those of curved GNRs. In the absence of external fields (light red curve in Fig. 26(a) ), each asymmetric peak ω nn is associated with the direct optical transitions between the parabolic valence and conduction subbands characterized by the same angular momentum (permitted by the selection rule of |∆n| = 0), as shown by the light red curve in Fig. 26(a) . However, additional selection rules, e.g. |∆n| = 1 and |∆n| = 2, are induced through J coupling in the presence of perpendicular magnetic fields. At B = 20 T (heavy black curve in Fig. 26(a) ), the blue-shifted asymmetric peaks, ω nn 's, are suppressed, and the extra peaks, ω 01 , ω 12 , and ω 02 derived from |∆n| = 1 and |∆n| = 2 take place. The ω QLL 01
and ω QLL 12 peaks indicate the formation of low-lying Landau states.
At a fixed magnetic field, the angular-momentum coupling is more significant for a CNT with a large diameter, leading to a rich and diversified magneto-absorption spectrum (heavy black curve in Fig. 26(b) ). The spectrum contains pairs of peaks induced by the selection rule |∆n| = 1, where, in particular, the peaks ω (Fig. 26(b) ), the most noticeable peaks are mainly contributed by the inter-QLL transitions, that is to say, the optical excitations that obey the selection rule |∆n| = 1 dominate the major structure of the absorption spectrum, in contrast to the minor ones from |∆n| = 0 and |∆n| = 2.
During the variation of θ from 0 to 2π, the main characteristics of the absorption spectra, such as the number, intensity, frequency and prominent structure of absorption peaks are thoroughly altered. Various peaks are exclusively formed for a flat structure and a curved structure with either open or closed boundary. The inter-QLL excitation peaks of a curved GNR split to form tri-peak structures under the influence of a non-uniform effective magnetic field. An increment of the curvature gives rise to an increase of the tri-peak spacing and a continuous decrease of the intensity and frequency, however, which are interrupted for a CNT (θ = 2π) where a cylindrical symmetry condition is given. It is shown that the magnetic-field-induced angularmomentum coupling allows various excitation channels following the selection rules of |∆n| = 0, 1, and 2. These predicted magneto-optical properties can be veri- fied by the optical experiments, such as the optical transmission/absorption/scattering measurements providing a wide frequency spectrum for epitaxial GNR arrays [144] and CNTs. [304, 347, 348] The magneto-optical features affected by the respective boundary conditions, namely open and periodic ones, provide insight into the nature of the magneto-electronic properties in curved quasi-1D systems.
IV. BILAYER SYSTEMS
Monolayer GNRs exhibit diverse electronic and optical properties under external fields (Section II). Especially, the width-dependent energy gap [30, 32, 34] and high carrier mobility [351] trigger extensively both experimental and theoretical studies to focus on integrating GNRs into potential electronic devices, such as GNRbased FETs, [12, 34, 96, [351] [352] [353] resonant tunneling diodes, [354] [355] [356] quantum dot devices, [357] [358] [359] [360] [361] [362] [363] negative differential resistance devices, [364] [365] [366] [367] [368] and nanoelectromechanical contact switches. [62] Recently, few-layer GNRs have been synthesized by cutting graphene, [33, 34] unzipping multi-wall CNTs, [46, 49] and CVD [62] (Section I). These GNRs are predicted to possess quite different physical properties compared with monolayer ones, owing to the number of layers, stacking configurations, and interlayer atomic interactions. Bilayer GNRs can be served as a model system in understanding the essential properties of few-layer ones.
The stacking configurations and interlayer atomic interactions play important roles in the electronic properties of bilayer GNRs. There are two groups of energy subbands and each group includes conduction and valence subbands. The initial energies for AB and AA stackings are totally different because of the distinct interlayer atomic interactions. The energy gap in AB stacking is determined by the conduction and valence subbands of the first group. Gap modulation can be simply reached by electric fields, providing the flexibility in the design of top-or side-gated nanoelectronic devices. Concerning the AA stacking with higher symmetry, the interlayer atomic interactions induce the significant overlap between the valence subbands of the first group and the conduction subbands of the second group. The metallic property remains even in the presence of electric fields. Magnetic field flocks the neighboring electronic states of each subband, thus leading to two groups of QLLs with the initial energies similar to those of zero-field energy subbands. These highly degenerate states corresponding to large DOS are predicted to have intense optical transitions. Electric fields competes against the magnetic quantization; therefore, energy dispersions are significantly altered. The transverse one results in the tilt of QLLs and even the collapse of Landau states, while the perpendicular one lifts state degeneracy and thus induces QLL crossings and anti-crossings.
Bilayer AB and AA stackings exhibit distinct magnetooptical spectra. Four groups of QLL-dependent optical transitions are revealed in the former, including two intragroup and two intergroup ones. However, there exist only two intragroup transitions in the AA stacking, as a result of the special relations among the well-behaved Landau wave functions on different layers. The electric fields severely distort the Landau wave functions, so that the magneto-absorption spectra will be dramatically altered. These optical responses can be observed from the magneto-optical transmission and magneto-Raman spectroscopy, where the optical excitations between Landau levels in monolayer and few-layer graphene have been identified. [141-143, 282, 283] The organization of this section is stated as follows. A detail discussion on the magneto-electronic properties are in the first subsection, including the stackingdependent QLL spectra, DOS, and Landau wave functions, as well as the competition between the magnetic quantization and electric fields. Meanwhile, the zero-field energy spectra and electric-field-induced gap modulation are also provided. The magneto-optical properties covering the QLL-dependent transitions of different stackings and effects of transverse and perpendicular electric fields are presented in the second subsection. The comparisons are made between the theoretical predictions and recent experimental observations. The edge-dependent features in the magneto-electronic and optical properties, such as the degeneracy of QLLs, extra band-edge states, and additional absorption subpeaks, have been discussed in Section II. In order to focus on the main differences owing to the stacking configurations, interlayer atomic interactions, and external fields, the ZGNRs are chosen for simplicity.
A. Magneto-electronic properties
The low-lying electronic structures strongly depend on the stacking configurations and interlayer atomic interactions. There are two typical stackings for bilayer GNRs with layer spacing of c = 3.35Å. From the top view, the hexagonal lattices of two layers have a horizontal displacement of b for the AB stacking ( Fig. 27(a) ), while they fully overlap for the AA stacking with a higher symmetry ( Fig. 27(b) ). According to the SlonczewskiWeiss-McClure (SWMcC) model, [369] [370] [371] (Fig. 27(c) ). The superscripts 1 and 2 denote the top and bottom layers, respectively. Such interactions in the AA stacking are the intralayer one between the nearest atoms (α 0 = 2.569 eV), and interlayer ones between A 1 and A and B 1 ) atoms (α 3 = −0.032 eV) [372, 373] (Fig. 27(d) ).
1. AB stacking.
The low-lying energy dispersions for bilayer ABstacked ZGNRs are composed of two groups of conduction and valence subbands, where they have parabolic dispersions except the two pairs of partial flat ones near the Fermi level ( Fig. 28(a) ). The subband symmetry about E F = 0 no longer exists because of the interlayer atomic interactions. The parabolic subbands of the first group start to form near E F = 0, while those of the second group are initiated from E c,v ∼ ±γ 1 . The energy spacings between the band-edge states are smaller than those of monolayer system (red curves). Moreover, there is an energy difference, ∆U I ∼ 0.08 eV, in the flat dispersions at the zone boundary. DOS exhibits two intense symmetric and many asymmetric peaks related to the band-edge states of partial flat and parabolic subbands, respectively (Fig. 28(b) ). For electronic states of 
|E
c,v | > γ 1 , two groups of asymmetric peaks overlap, and thus a complex energy spectrum appears.
Bilayer AB-stacked ZGNRs have two groups of QLLs with the formation center at k x = 2/3 and initial energies about E F and ±γ 1 (Fig. 28(c) ). With an increasing state energy, the QLL widths of the first group near E F gradually shrink, and parabolic subbands come to exist after the vanished QLLs. Such subbands will overlap with the initial QLLs of the second group at higher energy. Many high-intensity symmetric DOS peaks appearing at |E c,v | > γ 1 are related to the second-group QLLs, in which each peak is surrounded by several lowintensity ones of the first group (Fig. 28(d) ). This result is expected to have drastic changes in the differential conductance. In other words, the STS measurements [126, 207, 208] are useful to determine the vertical interlayer atomic interaction of γ 1 . In addition, the dispersionless regions of the four partial flat subbands are extended. According to the wave functions near k x = 2/3, half of them belong to the edge-localized or Landau states.
The competition among the interlayer atomic interactions, magnetic fields, and finite widths results in more complicated magneto-electronic structures, especially for the B-field dependence of QLL energies. Two groups of QLLs are formed as the magnetic length is smaller than the ribbon width (Fig. 28(c) ). The first (second) group of QLLs is labeled by n B-dependence, but satisfy the √ B-dependence that is an identifiable feature in the monolayer system. The evolution of the B-dependent QLL energies can be identified by experimental measurements of tunneling current [207] and cyclotron resonance. [374] The similar B-field dependence has also been observed in LLs of bilayer graphene experimentally [375] and theoretically. [376] [377] [378] Transverse and perpendicular electric fields can suppress the magnetic quantization and thus diversify the magneto-electronic structures. The site energies of A i and B i sublattices have smooth variations across a nanoribbon under a transverse electric field. Both groups of QLLs are tilted with the same angle ( Fig. 29(a) ). All the QLL symmetric peaks in the DOS are destroyed (Fig. 29(b) ); that is, the high-intensity symmetric peaks are turned into the lower asymmetric ones. [228, 379] It should be noted that the energy spacings between tilted QLLs quickly decline and the collapse takes place after E y reaches the critical value (Section II B 4). On the other hand, a site energy difference exists between two layers in the perpendicular electric field. Although the QLLs remain dispersionless, their energies are shifted with abnormal ordering for small quantum numbers (Fig. 29(c) ). The QLL peaks in the DOS are shifted to higher frequencies ( Fig. 29(d) ). [380] In addition, electric fields also lift the degeneracy of partial flat subbands, where the splitting energies, ∆U y = −eE y W zig and ∆U z = −eE z c, correspond to the transverse and perpendicular ones, respectively.
The spatial distributions of QLL wave functions, including the amplitude, spatial symmetry, and node number, are not well behaved under the influence of interlayer interactions and electric fields. In the first group, the wave functions at k x = 2/3 are somewhat distorted and the amplitudes are different for the four sublattices (Fig. 30) . Apparently, the amplitude of B 1 sublattice is the dominating one among the four ones, so that the corresponding node number is characterized as a quantum number. The node numbers differ by one for A i and B i sublattices in each layer, and they are identical (different) for A 1 and A 2 (B 1 and B 2 ) sublattices depending on the (x, y) projection. For a n c,v 1 = n (≥ 2) QLL, the number of nodes are, respectively, n − 1, n, n − 1, and n − 2 in sublattices A 1 , B 1 , A 2 , and B 2 . Especially, the electronic states of the four partial flat subbands are in sharp con- trast to the mixed states in monolayer system [131] and AA stacking (Fig. 34) . The n c 1 = 0 and n v 1 = 1 subbands belong to the Landau states, but the other two remain the edge-localized states (gray zone). The similar quantum modes are also found in the second-group QLLs (not shown), where the node number of the dominating A i sublattice is defined as a quantum number. The transverse electric field leads to the opposite shifts for the spatial distributions of the conduction and valence wave functions (light red dots), in which they respectively exhibit electron-and hole-like motions. The shift of localization center will suppress the QLL-dependent optical transitions. On the other hand, the node number is dramatically changed in the perpendicular electric field, e.g. the n c 1 = 0 and 3 QLLs (light blue dots). The state mixing between n c,v and n c,v ± 3 QLLs is responsible for this result (discussed below).
The E z -dependent energy spectra exhibit the rich crossings and anti-crossings, as clearly indicated in Fig. 31 . The QLLs are split at k x > 0 (heave black curves) and k x < 0 (light red curves) because of the destruction of inversion symmetry (Fig. 31(a) ). As E z increases from zero, the QLL energies will grow or decline. They have the non-linear E z -dependence with crossings and anti-crossings. The QLL crossings occur frequently in the absence of state mixings. Specifically, the QLL anti-crossings are revealed in certain E z -ranges. Two E z -dependent QLLs repel each other instead of direct crossing, and an exchange of QLL characteristics takes place. For instance, the n c 1 = 0 and 3 QLLs of k x = 2/3 have an anti-crossing near E z = 70 mV/Å (purple circles in Fig. 31(a) ) The spatial distribution of the upper QLL branch is transformed from n c 1 = 3 (red dots) to n c 1 = 0 (blue dots) with the increase of E z (Fig. 31(b) ). In contrast, the lower QLL branch undergoes an inverse transformation (Fig. 31(c) ). Both branches in the anticrossing possess the mixed characteristics of the n c 1 = 0 and 3 QLLs (purple dots in Fig. 31(b) and (c) ). Such anti-crossings originate from the cooperation between the perpendicular electric field and interlayer atomic interactions. Each n c,v wave function is composed of the main (n c,v ) and side (n c,v ± 3) modes, owing to the interlayer interactions between B 1 and B 2 sublattices. [381, 382] The weight of the latter is tiny at E z = 0, while it is largely enhanced by the increasing E z . Two modes, with the spatial characteristics of n c,v and n c,v ± 3 nodes, become comparable during the QLL anti-crossing. The relevant LL crossings and anti-crossings are also predicted in graphene-related systems. [382, 383] Furthermore, the dramatically altered E z -dependent DOS, with the QLL crossings and anti-crossings, can be explored through the STS measurements.
The theoretical studies show that energy gaps of bilayer AB-stacked GNRs can be tuned by transverse [154, 223, 226, [384] [385] [386] and perpendicular [384, 387, 388] electric fields. Zigzag systems have an observable energy gap determined by partial flat subbands for the sufficiently narrow width (N y < 90). Such subbands can be further separated by E y and E z (Fig. 32(a) and (b) ), so that the energy gap is enlarged or reduced. Apparently, the modulation effects are relatively strong in the presence of E y . On the other hand, E g of armchair systems are determined by the energy spacing between two parabolic subbands nearest to E F . E y and E z make parabolic dispersions become oscillatory ones and thus change E g (Fig. 32(c) and (d) ). The E y -and E z -dependent energy gaps belong to the direct or indirect ones. The experimental verifications have been done on GNR-related systems, including the E y -induced enhancement of E g in few-layer GNRs [101] and gap modulation in top-gated bilayer graphenes [95, [389] [390] [391] [392] [393] [394] and GNRs. [395] Especially, the predicted E g enhancements at weak E y and E z are in accord with the experimental measurements. [101, 395] 2. AA stacking.
The low-energy electronic structure of bilayer AAstacked ZGNRs consists of two groups of conduction and valence subbands (Fig. 33(a) ). Each group, which is similar to the energy dispersions of the monolayer system (Section II B 1), has many parabolic dispersions and a pair of degenerate partial flat subbands. The first and second ones, respectively, start to form at α 1 and −α 1 , and they overlap each other without subband mixing, owing to the vertical interlayer atomic interactions. The metallic property in the AA stacking can not be altered by transverse and perpendicular electric fields. The DOS exhibits two highest symmetric peaks at ±α 1 related to partial flat subbands and many asymmetric ones of parabolic subbands, i.e. it can be regarded as a superposition of two shifted monolayer DOSs (Fig. 33(b) ).
Two groups of QLLs are revealed in the presence of magnetic field (Fig. 33(c) ). The first and second groups are, respectively, initiated at α 1 and −α 1 . The main features are similar to the monolayer system, including the √ B-dependent energy spacing and reduced QLL widths with the increasing energy. The DOS possesses two groups of primary symmetric and secondary asymmetric peaks (Fig. 33(d) ). The former and the latter are associated with the QLLs and parabolic subbands, respectively. Especially, there are two high-intensity peaks at ±α 1 surrounded by many asymmetric peaks. The STS measurements [126, 207, 208] on them can determine the vertical interlayer atomic interaction of α 1 . In addition, E y will result in the tilt and collapse of each QLL group, while there is no E z -induced QLL splitting for k x > 0 & k x < 0, and the E z -dependent QLL spectra only show crossings (not shown).
The spatial distributions of Landau wave functions are well behaved, as a result of the highly symmetric stacking. The amplitude, spatial symmetry, and node number of A i and B i sublattices in each layer are similar to those of the monolayer system. Only the n (Fig. 34) . In both QLL groups, the node numbers of A 1 , B 1 , A 2 , and B 2 sublattices of the nth QLL are, respectively, n − 1, n, n − 1, and n. There exists a special relation between the wave functions of A 1 and A 2 (B 1 and B 2 ) sublattices, in which they are in phase for the first group and out of phase for the second group. In other words, the first-and second-group wave functions are only the symmetric and anti-symmetric superpositions of the tight-binding functions on different layers, respectively. This will result in the absence of intergroup QLL transitions in optical spectra.
B. Magneto-optical properties
Two groups of QLLs in bilayer AB-stacked ZGNR exhibit four categories of inter-QLL absorption peaks, where half of them belong to intragroup or intergroup excitations. ω (Fig. 35(a) ), ω ∼ 2γ 1 for ω 2 nn (Fig. 35(c) ), and ω ∼ γ 1 for ω 3 nn and ω 4 nn ( Fig. 35(b) ). The intragroup and intergroup optical transitions, respectively, obey the selection rules of |∆n intra | = 1 and |∆n inter | = 0 & 2, since the Landau modes are the same on the ith layer for the A i (B i ) sublattice of the initial state and the B i (A i ) sublattice of the final states. [180] The intragroup absorption spectrum has prominent twin-peak structures for ω i n(n−1) and ω i (n−1)n except the threshold transition peak in the first category. However, the intergroup spectrum presents strong single peaks. The twin-and single-peak structures are determined by the asymmetric QLL spectrum and quan- tum mode. Magneto-absorption spectra can be further changed by transverse and perpendicular electric fields. The tilted and collapsed QLLs in the transverse one significantly suppress the excitation channels. The splitting QLLs in the perpendicular one result in more lowintensity absorption peaks.
Bilayer AA-stacked ZGNRs demonstrate peculiar magneto-absorption spectra based on the simple relations in QLL wave functions and Fermi-Dirac distribution. The first-and second-group wave functions are, respectively, the symmetric and anti-symmetric superpositions of the Landau modes on different layers, so that the velocity matrix elements are finite only for the intragroup transitions. Two categories of intragroup QLL peaks obeying the selection rules of |∆n 1 | = |∆n 2 | = 1 are clearly illustrated in Fig. 36 . The threshold absorption peak is composed of the valence-to-valence optical transition ofñ The inter-QLL transitions and selection rules can be explored through the experimental measurements, as done for few-layer graphene-related systems by magnetooptical transmission [141] [142] [143] [144] 282] and magneto-Raman spectroscopy. [283] Theoretical predictions indicate that the important differences in AB and AA stackings include excitation categories, structures, frequencies, and numbers of absorption peaks. Bilayer GNR arrays, which have been recently synthesized, [396] can provide strongintensity optical responses. Measurements on inter-QLL transitions are useful in the identification of stacking configuration. Furthermore, the vertical interlayer atomic interactions (γ 1 and α 1 ) can be examined from the ini- tial energies in distinct excitation categories.
V. NON-UNIFORM GNRS AND GNR-CNT HYBRIDS
More complicated carbon-related systems can be synthesized by the assembly of distinct subsystems. They display rich essential properties, and most of them only have the weak van der Waals interactions. Non-uniform few-layer GNRs can be fabricated by the mechanical exfoliation, [89] [90] [91] cutting of graphene, [32, 37, 39, 40, 44] chemical unzipping of CNT, [46, 49, 52, 57, 59] and CVD. [61, 62] Some theoretical studies on them are chiefly focused on the electronic, [397] magnetic, [398, 399] and transport [400, 401] properties.
Moreover, the coupling of carbon allotropes can form various hybridized systems with unique geometric configurations, such as the graphene-nanotube hybrids, [402] [403] [404] [405] [406] [407] [408] [409] GNR networks, [410] carbon nanopeapods (a fullerene chain within a CNT), [411] [412] [413] [414] [415] [416] [417] [418] [419] and carbon-nanobud hybrids. [420] [421] [422] Extensive theoretical researches have been performed on the electronic structure, [423] [424] [425] [426] [427] magnetic quantization, [428] optical spectra, [429] and quantum conductance. [430] The magneto-electronic properties of bilayer nonuniform GNRs can be easily tuned by the geometric structures, such as the widths of the top and bottom layers, relative position between them, and inner boundaries of narrow ribbon. Four kinds of magneto-electronic energy spectra are revealed, including the monolayer-like, bilayer-like, and coexistent QLLs, as well as the distorted energy subbands. Especially, the coexistent one can survive when the monolayer and bilayer regions are much wider than the magnetic length. The preliminary evidences for the coexistence of QLL spectra are revealed from the conductance measurements. [89, 91] The QLL wave functions are well behaved, being responsible for many strong absorption peaks with two specific selection rules. As to the fourth kind, the wave functions present serious variations between two layers and severe distortions with piecewise continuity. Consequently, there are many low-intensity absorption peaks without any selection rules.
A GNR-CNT hybrid, a coupling of GNR with open boundaries and CNT with a closed boundary, is chosen to comprehend the hybridization effects. The relative position between GNR and CNT can change the interactions and enrich the magneto-electronic properties, such as the breaking of symmetric energy spectrum, partial destruction of QLLs, more extra band-edge states, disruption of DOS peaks, and piecewise distorted wave functions. Moreover, the prominent magneto-absorption peaks are largely reduced and surrounded by additional subpeaks.
The organization of this section is stated as follows. The first subsection describes the magneto-electronic properties of non-uniform bilayer GNRs and GNR-CNT hybrids, including the geometry-dependent energy spectra, DOS, and wave functions. The effects of atomic interactions between two subsystems are discussed in detail. The feature-rich optical properties, with different kinds of magneto-absorption spectra, are presented in the next subsection. Some theoretical predictions are roughly consistent with the experimental evidences.
A. Magneto-electronic properties
A non-uniform bilayer AB-stacked ZGNR is illustrated to explore the effects of geometric structures on essential properties. The narrow top and wide bottom layers have widths W t and W b , respectively (Fig. 37) . The former will be shifted from the left-hand side of the latter, where d s is the distance between their boundaries, and the AB stacking is fixed in the theoretical calculations. The tuning of the relative position and ribbon widths, leading to obvious variations in the interlayer atomic interactions and boundary conditions, can diversify the magneto-electronic and magneto-optical properties.
The magneto-electronic structure of a non-uniform system is roughly composed of two monolayer-like ones, when the top layer is much narrower than the bottom one ( Fig. 38(a) and (b) ). At d s = b/2, the parabolic subbands of the top layer are slightly mixed with the monolayer-like QLLs of the bottom layer ( Fig. 38(a) ). There are some subband mixings between the parabolic and Landau subbands, e.g. E c,v < −0.4 eV as indicated by the red rectangle. More band-edge states due to them are revealed in the subpeak structures surrounding the high-intensity QLL peaks in the DOS (Fig. 38(d) ). The dispersionless features of low-lying QLLs are almost unaffected, and so do the wave functions. For instance, it is obvious that the n c = 1-3 wave functions at k x = 2/3 (black circles in Fig. 38(a) (heavy black dots in Fig. 38(g)-(i) ). The mixing of energy spectra is largely enhanced, as the top layer is gradually shifted to the center of the bottom layer. Especially at d s = (W b − W t + b)/2, many dispersionless QLLs are turned into oscillatory ones with a lot of extra band-edge states (Fig. 38(b) ). [399] The QLL peaks in the DOS are seriously suppressed and most of them are replaced by the lower asymmetric peaks (Fig. 38(e) ). Also, they induce drastic alternations in the wave functions. For example, at k x = 2/3 (red circles in Fig. 38(b) ), the wave functions become piecewise continuous functions of differentiability class C 0 or have two jump discontinuities in A 1 and B 1 sublattice at two edge positions of the top ribbon (edges of gray zone in Fig. 38(g)-(i) ), so that the normal Landau modes are absent. Moreover, the spatial distributions of the top layer turn out to be observable, showing the distorted standing waves.
The monolayer-like QLL spectrum can be transformed into the bilayer-like one, when the width of the top layer is larger than the magnetic length. For W t = W b /2 ( l B ), the monolayer-like QLLs evolves into bilayer-like ones (Fig. 38(c) ). The second group of QLLs are initiated at the energies of the vertical interlayer atomic interactions (±γ 1 ). The energy spacings between QLLs are shrunk, and there is no √ B-dependence in the QLL energies. It should be noted that the two groups of QLLs are also mixed with the extra parabolic subbands. The latter are related to the non-overlapping region of the bottom layer, whose width is insufficiently wide for the magnetic quantization. Two groups of QLL peaks are indicated by the blue and green arrows in Fig. 38(f) . The low-intensity asymmetric peaks are contributed by the extra band-edge states. The QLL wave functions at k x = 2/3 are similar to those of bilayer ZGNRs. The Landau modes and the dominating sublattices for each group keep the same, e.g. the low-lying QLLs of the second and first groups as shown in Fig. 38(j)-(l) and Fig. 38(m)-(o) , respectively. However, the Landau wave functions of the former also have the extra component of the standing waves due to parabolic subbands, presenting slightly distorted distributions ( Fig. 38(j) and (k) ).
The monolayer-and bilayer-like QLL spectra can survive simultaneously, as the overlapping and nonoverlapping regions are sufficiently wide to quantize electronic states. For W t = 2W b /5 and d s = b/2 ( Fig. 39(a) ), the bilayer-and monolayer-like QLLs, respectively, appear at k x < 2/3 and k x > 2/3. Also, there is an extra group of intermediate Landau subbands strongly mixing with QLLs. The wave functions are distributed in the piecewise form near the interface between two regions, where the distorted bilayer and monolayer Landau wave functions are joined. [398] But for Fig. 39(b) ), there are two monolayer-like QLLs, one bilayer-like QLLs, and two extra groups of intermediate Landau subbands, reflecting the geometric structure with two interfaces. The monolayer-like QLL peaks of wider spacings (red circles) and bilayer-like QLL peaks of narrower spacings (blue diamonds and green triangles) are revealed in the DOS (Fig. 39(c) and (d) ), and the relative peak height is related to the geometric configurations. For instance, the monolayer-like QLL peaks decline rapidly because of subband mixings, as illustrated in Fig. 39(d) .
The GNR-CNT hybrids can be synthesized by the chemical unzipping of multi-wall CNTs. [46, 47, 431] In the theoretical model, an (m, m) ACNT is located above a ZGNR (Fig. 40) , where they have the same period along the longitudinal direction. There are 4m + 2N y carbon atoms in a primitive unit cell. The AB stacking remains the same during the shift of CNT. The Lennard-Jones potential is employed to find the optimal vertical distance corresponding to the minimal van der Waals interaction energy [432] . The inter-subsystem interactions in the Hamiltonian are assumed to decay exponentially with the interatomic distance. [428, 433] The addition and shift of CNT strongly modifies the inter-subsystem interactions and essential properties, such as energy dispersions, DOS, wave functions, and magneto-absorption spectra.
The GNR-CNT interactions alter the magnetoelectronic structures considerably. The linear subbnads contributed by a metallic (6, 6) ACNT mix with the low-lying QLLs, resulting in the breaking of symmetric spectrum about E F , partial destruction of dispersionless QLLs, more extra band-edge states, and piecewise distorted wave functions. These variations strongly depends on the shift of CNT, as shown in Fig. 41 . For the case of CNT at the ribbon center, the strong mixings between the linear subbands and QLLs occur at k x,− (< 2/3) and k x,+ (> 2/3) (red and blue circles in Fig. 41(a) ). When the CNT gradually approaches to the ribbon edge, the subband mixings at k x,+ 's will almost disappear (blue circles in Fig. 41(b)-(d) ). These results are closely related to the DOS and spatial distributions of Landau wave functions. The prominent QLL peaks in DOS are significantly lowered, and they are surrounded by more asymmetric peaks (Fig. 41(e) ).
The wave functions, depending on the wave vector and CNT location, present more information about the state mixings, as illustrated by the n c = 1 QLL and linear subband (Fig. 42) . Two independent subsystems, respectively, exhibit the well-behaved Landau modes of n c = 1 and the uniform spatial distributions along the azimuthal direction of CNT (heavy black dots in Fig. 42(a) and (d) ). The inter-subsystem interactions induce serious distortions in wave functions as CNT is situated at the localization center of Landau wave function. At k x,− (red arrows in Fig. 41(b) ), the spatial distributions in CNT become non-uniform (light red dots in Fig. 42(d) ). Furthermore, the Landau wave function possesses the kinkform spatial distribution (Fig. 42(a) ), indicating that the Landau state is highly suppressed by CNT. More importantly, state mixing leads to the non-uniform azimuthal distribution in the n c = 1 QLL (Fig. 42(b) ) and the distorted Landau states in the linear subband (Fig. 42(c) ). But for k x,+ , there exist only weak mixings (blue arrow in Fig. 41(b) ), so that the electronic states almost remain the same (Fig. 42(e)-(h) ), and slight disruptions The aforementioned four kinds of magneto-electronic energy spectra in the non-uniform GNRs can be identified by the STS measurements on the DOS. [72, 168, 207, 434, 435] Especially, the coexistence of monolayerand bilayer-like QLLs has been evidenced by conductance measurements. Through adjusting the gate voltage, a dramatic suppression of the bilayer resistance oscillation is revealed, because of the coexistent monolayer and bilayer QLLs. [89] In order to understand the intersubsystem interactions, the CNT-position-induced special structures in DOS require further experimental measurements. Also, the spectroscopic-imaging STM [218] [219] [220] [221] is appropriate to figure out the hybridization effects on the spatial distributions of wave functions. The theoretical studies on the non-uniform GNRs and hybridized systems are related to those of the partly overlapped GNRs [366, 401, 436] and GNR array-graphene hybrids. [437] [438] [439] In addition, the partly overlapped structure between CVD-grown graphene grains has been recently synthesized. [440] [441] [442] B. Magneto-optical properties Based on the geometric configurations, the nonuniform GNRs possess four kinds of magneto-absorption spectra, including the monolayer, bilayer and coexistent ones, as well as the irregular one. The magnetoabsorption spectrum is almost the same with that of monolayer (dashed red lines) except for few extra subpeaks, when the narrow top GNR is on the edge of the bottom one (Fig. 43(a) ). The number, intensity, and frequency of absorption peaks are very sensitive to the position of the top layer, especially at Fig. 43(b) ). The intensity of prominent peaks is significantly reduced, but the selection rule of |∆n| = 1 keeps unchanged. As the top ribbon becomes wider and covers the distribution region of Landau wave functions (W t = W b /3 in Fig. 43(c) ), the severe subband mixings cause the suppression of QLL transition peaks, the absence of selection rule, and many low-intensity peaks. The main reason is that the dispersionless QLLs are absent and the spatial distributions of wave functions are seriously distorted. However, two groups of Landau subbands are formed as the top layer width is sufficiently wide for the magnetic quantization, e.g. Fig. 43(d) . Consequently, the absorption spectrum is similar to the bilayer one. The main peaks obey the same selection rule, and their frequencies are very close to those of bilayer GNRs (dashed blue lines). Particularly, the monolayer and bilayer QLL transitions can survive simultaneously, when the non-overlapping and overlapping regions are wide enough for the magnetic quantization (Fig. 44) . The absorption peaks of |∆n| = 1 and |∆n intra | = 1 selection rules are clearly present, and the relative peak height between them is roughly proportional to the width ratio of two distinct regions. [443] The magneto-absorption spectra of GNR-CNT hybrids have substantial changes, owing to the inter-subsystem atomic interactions (Fig. 45) . As the CNT is shifted from the ribbon edge to center, the monolayer QLL transition peaks are gradually lowered and become twin-peak structures (red curves). These structures are closely related to the state mixings, since a specific QLL quantum mode exists in two hybridized subbands. The hybridization effects are relatively easily observed in the wider GNRs and weaker magnetic fields; that is, there are more twin peaks under such conditions. The predicted magneto-optical properties in nonuniform GNRs and GNR-CNT hybrids can be verified by the optical absorption and infrared transmission experiments, [141, 142] including the monolayer, bilayer, and coexistent QLL absorption spectra, magneto-optical selection rules, as well as single-, twin-, and irregularpeak structures. They are quite sensitive to the geometric configurations. Especially, the coexistent one is useful to understand the optical properties of other related structures, such as partly overlapped GNRs [366, 436, [440] [441] [442] and GNR-graphene superlattices. [437] [438] [439] 
VI. CONCLUSION AND OUTLOOK
The essential electronic and optical properties of GNRrelated systems have been systematically reviewed. By means of the generalized tight-binding model, the geometric configurations and external fields responsible for the wide diverse properties are explored in detail. The former include the ribbon widths, edge structures, curvatures, stackings, as well as the hybrid structures; meanwhile, the latter cover the electric, magnetic, composite, and spatially modulated fields. The tunable electronic structures give the flexibilities in the design of electronic devices. Furthermore, the rich optical spectra with different selection rules can provide more opportunities for the applications in nanophotonics. Above all, many presented results are compared with those from other theoretical methods and validated by the experimental measurements, while some predictions need further experimental verifications. The developed theoretical framework shall advance the future studies on other quasi-1D materials and the related nanostructures.
Transverse lateral confinements lead to the 1D parabolic subbands and thus the asymmetric peaks in the DOS. The energy gap is inversely proportional to the ribbon width. The wave functions present standing waves with different wavelengths depending on the subband index. The simple relations between the valence and conduction wave functions account for the edgedependent optical selection rules, |∆J| = odd for ZGNRs and ∆J = 0 for AGNRs. In further competition with the magnetic quantization, the low-lying dispersionless QLLs are formed, and hence the associated symmetric peaks are revealed in the DOS. The edge-independent selection rule, |∆n| = 1, which is due to the spatial symmetry of Landau states, dominates the inter-Landau absorption peaks. On the other hand, the transverse electric fields significantly alter the low-lying energy subbands and modulate the energy gap. Many additional DOS peaks appear because of the complicated subband mixings. The slightly distorted wave functions with additional relations lead to the suppression of original absorption peaks and appearance of extra peaks. Furthermore, the uniform electric field is responsible for the tilt and collapse of QLLs, while the modulated one results in the oscillatory Landau subbands.
Curvatures suppress the magnetic quantization and cause the electrons to experience a non-uniform effective magnetic field. The energy and optical spectra are drastically changed by the competition between the curvature and magnetic field. For a slightly curved GNR, the QLLs change into the oscillatory Landau subbands with several band edges, leading to the peak splitting in the DOS. Each symmetric Landau absorption peak splits into multi-asymmetric ones with weaker intensity, where the selection rule of |∆n| = 1 remains unchanged. As the GNR is severely curved, the subband mixings among the strongly oscillatory subbands create many band-edge states, which are reflected by the complex peak structures in the DOS and the |∆n| = 1 extra absorption peaks. The crucial differences between CNTs and GNRs are revealed to result from the boundary conditions. The zero-field absorption spectra of CNTs are dominated by the selection rule of ∆n = 0, whereas these rules are edgedependent in GNRs. The angular-momentum coupling induced by the perpendicular magnetic field contributes to the additional rules (|∆n| = 1 and 2), of which more come to exist due to the increase of either (both) of the factors: the tube diameter and field strength. Particularly, once the two factors exceed certain critical values, the optical spectra can reflect the Landau absorption peaks. The reported features of the spectra provide insight to optical excitations for curved systems with either an open or a closed boundary condition.
Stacking configurations enrich the band structures and absorption spectra in the bilayer GNRs. Apart from the transverse electric field, the energy gap of the AB-stacked bilayer GNRs can be modulated through the perpendicular electric field, while such gap modulation is unavailable in the metallic AA-stacked bilayer GNRs. In the magneto-electronic structures, two groups of QLLs and the corresponding symmetric DOS peaks are distinguishable in either stacking configuration. For the AB stacking, the first group initiates near the Fermi energy and the second group appears at energies ∼ ±γ 1 ; whereas, for the AA stacking, the first and second groups occur at ∼ α 1 and ∼ −α 1 , respectively. Transverse electric fields cause the tilt and collapse of QLLs, as well as turn the symmetric DOS peaks into the asymmetric ones. Perpendicular electric fields lead to the crossings and anticrossings of QLLs; the dramatic changes in the DOS. The AB-stacked system exhibits four categories of Landau absorption peaks, including two intragroup and two intergroup ones. Meanwhile, the intragroup transitions occurring near the Fermi level contribute to the promi-nent peaks in the low-energy spectrum. On the other hand, only two categories of the intragroup transitions are permitted in the bilayer AA-stacked system. More importantly, the Fermi-Dirac distribution is responsible for the forbidden absorption range of ∼ 0.6 eV (∼ 2α 1 ). It is obvious that the magneto-absorption spectra of bilayer GNRs are quite distinct from those of monolayer ones, including the excitation categories, structures, frequencies, and numbers of absorption peaks. Such features depend on the quantum modes, special relations in wave functions, and symmetric/asymmetric QLL spectra. In general, the QLL transitions can survive when the Landau modes are identical on the same layer for the A i (B i ) sublattice of the initial state and the B i (A i ) sublattice of the final state.
The variations of non-uniform configurations and hybrid structures can dramatically tune the magnetoelectronic and optical properties. As the non-uniform configuration changes from monolayer to bilayer, there are four kinds of magneto-electronic spectra, including the monolayer-like, bilayer-like, and coexistent QLL spectra, and the distorted energy dispersions. The various kinds of electronic structures also underline the features exhibited by the magneto-absorption spectra. Especially, the inter-QLL transitions are mostly preserved in the disordered spectrum, and a lot of lower-intensity absorption peaks exist in the absence of selection rules. The monolayer-like and bilayer-like absorption spectra can concurrently survive, when both the widths of monolayer and bilayer regions are sufficiently wide for the magnetic quantization. The GNR-CNT interactions cause the partial destruction of QLLs, disruption of DOS peaks, and piecewise continuous wave functions; therefore, the hybridization lowers the prominent Landau absorption peaks with twin-peak structures.
To date, the experimental observations have confirmed the major characteristics of the electronic properties of monolayer GNRs, including the 1D parabolic subbands induced by the lateral confinement, [164] the exponentially decaying edge-localized states, [169] and the widthdependent energy gap. [30, 34, 444] The observed gradual disappearance of the Landau peaks in the local DOS near the ribbon edges is a direct consequence of the competition between the lateral confinement and magnetic quantization. [126] Further evidences of the competition are identified by the transport measurements, including the anomalous SdHO and the destruction of the Hall plateau of larger filling factor. [194] In the DOS, two groups of Landau peaks in the bilayer GNRs, the destruction of Landau peaks by the electric fields with different directions or spatial modulation, and the curvatureinduced triple-or twin-peak structure could be verified by the STS experiments. Also, the spectroscopic imaging STM serves as a powerful tool to visualize the zero-field standing waves and Landau wave functions. Transport measurements have shown that the gap modulation in monolayer and bilayer GNRs can be achieved via the exertion of the electric fields. [101, 395] However, owing to the edge roughness and the width controlling limitation, the detailed conditions about the metal-semiconductor and semiconductor-metal transitions require further investigations. In terms of optical properties, the infrared transmission measurement on the monolayer GNR arrays has demonstrated the dependence of the threshold interLandau absorption frequency on the strength of magnetic field. [144] On the other hand, there are many issues left for further verifications, including the zero-field edge-dependent selection rules in the monolayer GNRs, the splitting of Landau absorption peaks due to the curvature-induced effective magnetic field, the low-lying Landau and J-coupling absorption peaks in the CNTs, four (two) categories of transitions in the AB-stacked (AA-stacked) bilayer GNRs, and the coexistence of the monolayer and bilayer Landau absorption spectra in the non-uniform GNRs.
Recently, experimental and theoretical researches have unveiled other graphene-related honeycomb lattices of group-IV elements, such as silicene, [445] [446] [447] [448] [449] [450] germanene, [445, [451] [452] [453] [454] and stanene. [455] [456] [457] Also found are the transition metal dichalcogenides (TMDs) consisting of hexagonal layers of transition-metal atoms (M) sandwiched between two layers of chalcogen atoms (X) with stoichiometry MX 2 . [458, 459] TMDs have more than 40 different types, [460, 461] depending on the combination of chalcogen (S, Se; Te) and transition-metal atoms (Mo, W, Nb, Ta; Ti). The layered 2D systems can also be formed via van der Waals interactions. Furthermore, some theoretical studies focus on the strip-like nanostructures. [462] [463] [464] [465] [466] [467] [468] The silicene, [469, 470] MoS 2 , [471] and WS 2 [472] nanoribbons have been successfully synthesized. This work is useful in understanding the essential properties of GNR-related quasi-1D systems, such as the effects due to the lateral confinements, edge structures, curvatures, stackings, non-uniform and hybridized configurations; magnetic and electric fields. 
